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2.2.1 Quadratic Functions

Quadratic Functions & Graphs

What are the key features of quadratic graphs?

= Aquadratic graph can be writteninthe form y = ax?+ bx+ cwherea=0
= Thevalue of a affects the shape of the curve

= [fais positive the shapeisconcaveupu

= |fais negative the shapeisconcave downn
= They-interceptis at the point (O, ¢)

= Thezeros orroots are the solutions to ax2 + bx + ¢=0
= These canbe found by
= Factorising
= Quadratic formula
= Usingyour GDC
= These are also called the x-intercepts
= Therecanbe O,1or2 x-intercepts
= Thisis determined by the value of the discriminant

b

Thereis an axis of symmetryat X = — —

2a
= Thisis giveninyourformula booklet
= |f there are two x-intercepts then the axis of symmetry goes through the midpoint of them
The vertexlies on the axis of symmetry
= |tcanbe found by completing the square

b
= Thex-coordinateisX = — 7
2a
b
= They-coordinate can be found using the GDC or by calculatingywhen X = — Z

= |fais positive then the vertexis the minimum point
= |faisnegative thenthe vertexis the maximum point
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TURNING POINT a—/

By
X

\6 y—AXIS INTERCEPT

#)save myexams

What are the equations of a quadratic function?
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- f(x)=ax®?+bx+c
= Thisis the general form
= |tclearly shows the y-intercept (O, ¢)

b

= You can find the axis of symmetryby X = — 2_.21

= Thisis givenin the formula booklet

- fIx)=alx-p)(x—q)
= Thisisthe factorised form
= |tclearly showstheroots(p, 0) & (g, O)
, ptq

= You can find the axis of symmetry by X = 5

- f(x)=alx—-h)2+k
= Thisisthe vertex form
= [tclearly shows the vertex (h, k)

= The axis of symmetryis therefore X = h

It clearly shows how the function can be transformed from the graph y = x?2
= Vertical stretch by scale factora

h
= Translationbyvector( 1
\k)

How do | find an equation of a quadratic?

= |fyouhavetherootsx=pandx=q...
= Writeinfactorised form y = a(X —p)(X - q)
= Youwillneed a third point to find the value of a
= |fyou have the vertex(h, k) then...
= Writeinvertex form y = a(x - h)2 +k
= Youwillneed asecond point to find the value of a
= |f you have three random points (xj, y7), (x2, y2) & (X3, y3) then...
= Write inthe general form y = ax% + bx + ¢
= Substitute the three pointsinto the equation
= Formand solve a system of three linear equations to find the values of a,b & ¢

O ExaminerTip

= Useyour GDC to find the roots and the turning point of a quadratic function
= Youdonotneedto factorise orcomplete the square
= |tis good exam technique to sketch the graph fromyour GDC as part of your working
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@ Worked example

The diagram below shows the graph of y = f(X) ,where f(X) is a quadratic function.

The intercept with the y-axis and the vertex have been labelled.

(-1,8)"

(0,6)

/

Write down an expressionfor Y = f(X)
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We have the vefex so use ﬂ‘ﬂ(l‘h)lf k
Vetex (-1,3) : lj=a(.1 () + 8
yzalx+1)'+B

dubstitule the second Poir\f
.)(,‘-0_'.516" b=a(0+1)" +8
b:a +b
0 <&
Y = -).(JLH]" +8
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2.2.2 Factorising & Completing the Square

Factorising Quadratics

Why is factorising quadratics useful?

Factorising gives roots (zeroes or solutions) of a quadratic
It gives the x-intercepts when drawing the graph

How do | factorise a monic quadratic of the form x2 + bx + ¢?

A monic quadratic is a quadratic where the coefficient of the x2 termis 1
You might be able to spot the factors by inspection
= Especiallyif cis a prime number
Otherwise find two numbersmandn ..
= Asumequaltob
- ptg=b
= Aproductequaltoc
= pg=c¢
Rewrite bx as mx + nx
Use this to factorise x
A shortcutis to write:

- (x+p)x+q)

2 e mx+nx+c

How do | factorise a non-monic quadratic of the form ax2 + bx + ¢?

A non-monic quadratic is a quadratic where the coefficient of the x? termis not equal to 1
If a, b & c have acommon factor then first factorise that out to leave a quadratic with coefficients that
have no common factors
You might be able to spot the factors by inspection
= Especiallyif aand/or c are prime numbers
Otherwise find two numbersmandn ..
= Asumequaltob
= m+n=>b
= Aproductequaltoac
= mMn=ac
Rewrite bx as mx + nx
Use this to factorise ax
A shortcutis to write:

(ax + m)(ax + 11)

a
= Thenfactorise common factors from numerator to cancel with the a on the denominator

2 L mx+nx+C

How do l use the difference of two squares to factorise a quadratic of the form a?x2 - ¢2?
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= The difference of two squares can be used when...
= Thereisno xterm
= The constant termis a negative
= Squareroot the two terms a?x2 and c?
= The two factors are the sum of square roots and the difference of the square roots
= Ashortcutis to write:

- (ax+c)(ax—¢)

O ExaminerTip

= Youcandeduce the factors of a quadratic function by using your GDC to find the solutions of a
quadratic equation

= Using your GDC, the quadratic equation 6x%+ x —2 =0 hassolutions X = — ? and
|
X==
2

» Therefore the factorswould be (3x+2) and (2x— 1)
- ie 6x2+x-2=(3x+2)(2x—1)
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@ Worked example

Factorise fully:

a x2-T7x+12.

Find two numbers m and n such that
men=bs "~} mn=c =1L
L+ L3R

SPH -$x up and 1CaL+orise 5hor’rcu-|'

X -l -3x +12 (xcrm)(ocn)
x(x—h) -3 (x-k) (x-3)(a-t)
(x-3)(x-b)

b)  4x2+4x-15.

Find two numbes m and n such that
men=b=k mn =ac= bx-15=-60

10+ 6= & 0x "6 = 6D

Spli‘r b 5 up and factorie Shoteut

bt + 10 ~bx - 15 (ﬂx*rmg(ax )
2x(2x+5) ~3(2x +5) (411-“2(&1-&)
(2x ~3)(2+5) 2(2+5) X(2-2)
(2x -3)(4).x+ 5)
<) 18— 50x2.
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Factorie the ommon faclor
2(9-254%)
US( diﬂe\-en(g mc two Stluares

2(3-5x)(3+5%)
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Completing the Square
Why is completing the square for quadratics useful?

= Completing the square gives the maximum/minimum of a quadratic function
= This canbe used to define the range of the function

= |t givesthe vertex when drawing the graph

= |tcanbe used to solve quadratic equations

= |tcanbe usedto derive the quadratic formula

How do | complete the square for a monic quadratic of the form x2 + bx + ¢c?

b \2
= Half the value of b and write (X + —

\ 2)
( \2 b2
= Thisisbecause | x+ —= | =x2+ bx+ —
\ 2) 4
b2
= Subtract the unwanted T term and add on the constantc
( b \2 b2
n X + — -— 4+ C

\ 2/ 4
How do | complete the square for anon-monic quadratic of the form ax? + bx + ¢?
= Factorise out the a from the termsinvolving x
(x24 24)
«alx2+ —x|+x
\ a )

= |eavingthe c alone will avoid working with lots of fractions
= Complete the square on the quadratic term

b b \?
= Half z andwrite | X + —

2a
b \2 b b?
= Thisisbecause|x+ — | =x2+ —x+ e
2a a 4a
bz
= Subtract the unwanted > term
a

= Multiply by a and add the constant c
( b \2 b2
= allx -—|tc

+_
\" 2a) 4a?
b\ b?
] 3(X+Z)_E+C
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O Examiner Tip

= Some questions may not use the phrase "completing the square" so ensure you canrecognise a
quadratic expression or equation writtenin this form

« alx=h)2+k(=0)

@ Worked example

Complete the square:

a) x2-—-8x+3.

Haf b and subtradt its square
(- 8)" -4" +3

(x -4)" -13

b} 3x2+12x-5.

Factorise the 3 from the x termg
3(1" f‘-tx) -5

(,Omp‘efe the square oo xtrlex
3 ((:uz)"- 2‘) -5

Simpliﬁ\
3((1*2.]?‘- f-t) -5
3(x+2)t -2 -5

3(ct2)" =13
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2.2.3 Solving Quadratics

Solving Quadratic Equations

How do I decide the best method to solve a quadratic equation?

A quadratic equation s of the form ax2 + bx + ¢=0
Ifitis a calculator paper then use your GDC to solve the quadratic
Ifitis anon-calculator paperthen...

= you can always use the quadratic formula

= you can factoriseif it can be factorised withintegers

= you can always complete the square

How do I solve a quadratic equation by the quadratic formula?

If necessary rewrite in the form ax2 + bx + ¢=0
Clearly identify the valuesof a,b & ¢
Substitute the valuesinto the formula

—-b+./b%2-4ac
2a

= Thisis givenin the formula booklet
Simplify the solutions as much as possible

n X =

How do | solve a quadratic equation by factorising?

Factorise to rewrite the quadratic equationin the form a(X —p)(X - q) =0
Seteach factortozero and solve

» x—p=0=>x=p
» x—g=0=>x=g

How do | solve a quadratic equation by completing the square?

Complete the square to rewrite the quadratic equationin the form a(x - b)2 +k=0
Getthe squared term by itself

is negative then there will be no solutions

is positive then there will be two values for X — h
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« x—h==*,[——
a

= Solveforx

« x=hzt,/——
a
O Examiner Tip

= Whenusing the quadratic formula with awkward values or fractions you may find it easier to deal

with the " b2 —4ac (discriminant) first
= This canhelp avoid numerical and negative errors, improving accuracy
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@ Worked example

Solve the equations:

3 4x2+4x—15=0.
This can be factorised
(2x +5)(2x-3) =0
2x+3:0 or 2x-3:0

%" ‘% or =

3
i
b)  3x2+12x-5=0.

This can not be Fad'or‘ased but 3x* and 12 hove a common

{'ac’ror S0 (.omp\efe the Square

3(x+2. -H-
( ) Rearmn%e
b’ 2 % Remember t

c  7-3x-5x2=0.
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Thi:. (an not be Fﬂd‘or'lsed SO use ‘Fofmuld

Solutions of o quadratic

Formula booklet

a: -9 b:-3 (=1}
-(3) + J(3) -4 (-5

s 2(-5)

. 3t {9+140
-10

31 {ika
X Y
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2.2.4 Quadratic Inequalities

Quadratic Inequalities

What affects the inequality sign when rearranging a quadratic inequality ?

= Theinequality signisunchangedby...

= Adding/subtracting a term to both sides

= Multiplying/dividing both sides by a positive term
= Theinequality sign flips (< changes to >) when...

= Multiplying/dividing both sides by a negative term

How do | solve a quadratic inequality?

= STEP 1: Rearrange the inequality into quadratic form with a positive squared term
» ax’+bx+c>0
» ax’+bx+cz0
» ax’+bx+c<0
» ax’+bx+c<0
STEP 2: Find the roots of the quadratic equation
= Solve ax? +bx+c = 0to getx;andx; where x; < X7
STEP 3: Sketch a graph of the quadratic and label the roots
= Asthesquaredtermis positive it willbe concave up so "U" shaped
STEP 4: Identify the region that satisfies the inequality
= |f youwantthe graph to be above the x-axis then choose the region to be the two intervals
outside of the two roots
= |fyouwantthe graphto be below the x-axis then choose the regionto be the interval between
the tworoots
» Forax’+bx+c>0

= Thesolutionisx < xjorx > xo
» Forax?+bx+c>0

= Thesolutionisx<xjorx=xs
» Forax?+bx+c<0

= Thesolutionisxy<x < x2
» Forax?+bx+c<O

= Thesolutionisxj£x<x2

How do I solve a quadratic inequality of the form (x - h)2<nor (x - h)2 > n?
= Thesafestway is by following the steps above

= Expandandrearrange

= AcommonmistakeiswritngX— h< *./norx—h> *./n
= Thisis NOT correct!
= The correct solutionto (x - h)2 < nis
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] |X—b| <\/Ewhichcanbewrittenas—\/g<X—h <\/E
» The final solutionis /i —\/E<X <b+\/g

= Thecorrectsolutionto (x-h)2> nis

- |x—h| >\/EwhichcanbewrittenasX—h< —\/Eorx—h>\/§
. TheﬁnalsolutionisX<b—ﬁorx>h+\/;

O Examiner Tip

= |tiseasiestto sketchthe graph of a quadratic whenit has a positive x?2 term, sorearrange first if

necessary
= Useyour GDC to help select the correct region(s) for the inequality
= Some makes/models of GDC may have the ability to solve inequalities directly

] Howeverunconventionalnotationmaybeusedtodisplaytheanswer(e.g.6 55 'R

ratherthan3 < x < 6)
= The safestmethodis to always sketch the graph
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@ Worked example

Find the set of values which satisfy 3x2 +2x — 6 > x2 + 4x — 2.

Stee | : Retu-ran%e /_\
(311 1'21'-(:) ‘(11+t|-1 '2) >0 -n'iis way

b2 -4 >0 g 00
o Pyl 0->Divide bd fachr of 2
Stee 2 Find the roots

x*-x-2 =0
(1 ‘1)(3{.1’I)=D
J.‘Z or 1*“

Stee 3 Swetch

\/

Stee 4: |deatify region

>0 >0
= z

x<-\ or x>2
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2.2.5 Discriminants

Discriminants
What is the discriminant of a quadratic function?

= Thediscriminant of a quadratic is denoted by the Greek letter A (upper case delta)
= Forthe quadratic function the discriminant is given by

« A=b%2—4ac
= Thisis givenin the formula booklet
= Thediscriminantis the expression that is square rooted in the quadratic formula

How does the discriminant of a quadratic function affect its graph and roots?

= [fA>Othen4/ b2 —4ac and —4/ b2 — 4 ac are two distinct values

= Theequation ax2 + bx + ¢ = 0 has two distinct real solutions

= Thegraphof ¥ = ax2 + bx + Chastwo distinctreal roots
= This means the graph crosses the x-axis twice

= [fA=0then/ b2 —4ac and —4/ b2 — 4 ac arebothzero

= Theequation ax2 + bx + ¢ = 0 has one repeated real solution

* Thegraphof y = ax? + bx + chas one repeated real root
= This means the graph touches the x-axis at exactly one point
= This means that the x-axis is a tangent to the graph

= [fA<Othen4/ b2 —4ac and —4/ b2 — 4 ac are bothundefined

= Theequation ax? + bx + ¢ = 0 has noreal solutions

» Thegraphof ¥ = ax2 + bx + chasnorealroots
= This means the graph never touches the x-axis
= This means that graphis wholly above (or below) the x-axis

Page200f23



IF §-4ac >0
A

IF B-4ac =0
A

a>0

M

a>0

TWO DISTINCT

ONE REAL ROOT

REAL ROOTS (REPEATED ROOTS)
IF b—4ac <0
IN
NO REAL ROOTS
5 >
a>0
#Fsavemyexams

Forming equations and inequalities using the discriminant

= Oftenatleast one of the coefficients of a quadratic is unknown
= Questions usually use the letter k for the unknown constant
= Youwillbe given afactabout the quadratic such as:

= The number of solutions of the equ
= The number of roots of the graph

ation
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= To find the value or range of values of k
= Find an expression for the discriminant

» Use A=b2—4ac
= DecidewhetherA>0,A=00rA<O

= |f the question says there are real roots but does not specify how many thenuse A> 0
= Solve theresulting equation orinequality

O Examiner Tip

= Questions willrarely use the word discriminant soitisimportant to recognise whenits use is
required
= | ookfor
= anumber of roots or solutions being stated

= whetherand/or how often the graph of a quadratic functionintercepts the X -axis
= Be careful setting up inequalities that concern "two real roots" (A >0)as opposedto "tworeal
distinctroots" (A > ()
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@ Worked example

Afunctionis given by f(X) =2kx?+ kx — k+ 2 ,where kis aconstant. The graph of y= f(X)
has two distinct real roots.

a)  showthat9k?— 16k >0.

Two distind real roots => A >0

Formula bogHlet [ o
a: &k b=k L:(-kn_)

A = k' - & (2k)(~k+2)

k* +8k" - lbk

Tk -6k

A>0 = qk*-l6k >0

o) Hence find the set of possible values of k.

50 lve the 'meclualifj

It~ 16k = 0

k(qk-le)=0 A /2
k=0 or k= l_cit 9
k<D o k>q
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