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1.9.1Geometry of Complex Numbers

Geometry of Complex Addition & Subtraction
What does addition look like on an Argand diagram?

= |nCartesianformtwo complex numbers are added by adding the real and imaginary parts
= When plotted on an Argand diagram the complex number z; + z, is the longer diagonal of the
parallelogram with vertices at the origin, z;, zyand z; + z,
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What does subtraction look like on an Argand diagram?

= |n Cartesian form the difference of two complex numbers is found by subtracting the real and
imaginary parts

= When plotted on an Argand diagram the complex number z; - z, is the shorter diagonal of the
parallelogram with vertices at the origin, z;, -zz and z; - z»
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THE COMPLEX NUMBER

z — w IS REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
VERTICES z, —w AND z — w
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REMEMBER TO PLOT THE POINT —w BEFORE DRAWING THE PARALLELOGRAM

What are the geometrical representations of complex addition and subtraction?

= Letwbe agivencomplexnumberwithreal part aandimaginary partb
= w=a+ bi

= Letzbeany complexnumberrepresented onanArgand diagram

= Addingwtozresultsinzbeing:

a
= Translated by vector (b)

= Subtracting w fromzresultsinzbeing:

= Translated by vector (_3 \

Nl
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O Examiner Tip

= Take extra care whenrepresenting a subtraction of a complex number geometrically
= Rememberthat your answer will be a translation of the shorter diagonal of the parallelogram
made up by the two complex numbers

@ Worked example

Consider the complexnumbersz;=2 + 3iand z; = 3 - 2i.

OnanArgand diagram represent the complex numbers z;, z2, z; + z2and z; - z5.

*r'lrsk £ind 2.+22, and 2 -2 :
Z, 4+ %= (2+30) +(3-2i) =5+

Z, -2, = (2+3) -(3-2i) =-1+5
Im
M
Z-Z2=-1+5i
%..5
_E'Lx:
=3

The geomeltricol properties Can ‘oe
Seen 'Io‘\:) addinj n -z, =-3+2
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

= The geometrical effect of multiplying a complex number by areal number, a, will be an enlargement of
the vectorby scale factora
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factora
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factora
= The geometrical effect of dividing a complex number by areal number, a, will be an enlargement of the
vector by scale factor1/a
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factor1/a
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factor1/a
= The geometrical effect of multiplying a complex number by i will be arotation of the vector 90°
counter-clockwise
B (x+yi)=-y+xi
= The geometrical effect of multiplying a complex number by animaginary number, ai, will be arotation
90° counter-clockwise and an enlargement by scale factora
= ai(x +yi) = -ay + axi
= The geometrical effect of multiplying or dividing a complex number by a complex number willbe an
enlargement and arotation
= Thedirection of the vector will change
= The angle of rotationis the argument
= The distance of the point from the origin will change
= The scale factoris the modulus

What does complex conjugation look like on an Argand diagram?

= The geometrical effect of plotting a complex conjugate on an Argand diagram s areflectionin the real
axis
= Thereal part of the complex number will stay the same and the imaginary part will change sign
(o) Examiner Tip

= Make sure youremember the transformations that different operations have on complex
numbers, this could help you check your calculations in an exam
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@ Worked example
Considerthe complexnumberz=2-i.

OnanArgand diagram represent the complexnumbers z, 3z, iz, z* and zz*.

-F’;r.d: ‘ﬁnc* 33, 'i?_ cm& E‘

2 =2~

3z =3(2-1)= 6-3i

iz =1 (2-1) = 2i-i% = 2i-(-)) = | +2
2¥ = 2+

zz2" = (2-)(2+) =4-* =4-(-) =5
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1.9.2 Forms of Complex Numbers

Modulus-Argument (Polar) Form

How do | write a complex number in modulus-argument (polar) form?

= The Cartesian form of acomplexnumber, Z= X + iy, iswritteninterms of itsreal part, X, and its

imaginary part, Y
= Ifweletr= | Z| and 0= arg z,thenitis possible to write a complex numberin terms of its modulus, I

,andits argument, 0, called the modulus-argument (polar) form, given by...

« z=1r{cos 0+ isin )

= Thisisoftenwrittenasz=rcis@

= Thisis giveninthe formula book under Modulus-argument (polar) form and exponential (Euler) form
= [tisusualtogive argumentsintherange— T < 0 < Mor0 < 0 < 2T

= Negative arguments should be shown clearly

_ e,g.z=2(cos (_?”)Hsm (—?”)) = 2 cis (—%)

T ) 1
= without simplifying COS(— ?) to either COS ? orE

= The complex conjugate of rcisfisrcis(-6)
= |facomplexnumberis giveninthe form Z= I(COS 60— isin 9) thenitis notin modulus-argument
(polar) form due to the minus sign
= |tcanbe converted by considering transformations of trigonometric functions
» —sinf = sin(—0) and cosh = cos(— 0)
« so z=r{cosf—isinh) = z= r{cos(—0) +isin(—0)) = rcis(—0)
= To convert from modulus-argument (polar) form back to Cartesian form, evaluate the real and
imaginary parts

1 3
. E.g.Z=2(COS(—?ﬂ)+isin(—ﬂ)) becomes z=2| — +1 —£ =1 —ﬁi

3 2 2

How do I multiply complex numbers in modulus-argument (polar) form?

= The main benefit of writing complex numbers in modulus-argument (polar) formis that they multiply
and divide very easily

= To multiply two complex numbers in modulus-argument (polar) form we multiply their moduli and add
their arguments

25,|= 7|2,

arg (Z1 Zz) =arg z targ z,

= Soifz;=rcis(B;)andza=rycis(67)
" Z1Zo=II2 cis (91 + 92)
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= Sometimes the new argument, 91 + Qz,doesnotlieintherange—7'[ <0 < 1mor

0 < 0 < 271 ifthisis being used)

= Anout-of-range argument can be adjusted by either adding or subtracting 2 TT

27 T 7T
. E.g.lf(91=Tand92=? then 91 +92 = ?
» Thisiscurrentlynotintherange— T < @ < T
m ST
= Subtracting 2T from ? togive — ? ,anew argumentis formed

= Thisliesinthe correctrange andrepresents the same angle on an Argand diagram
= Therules of multiplying the moduli and adding the arguments can also be applied when...

= _.multiplying three complex numbers together, Z1 2223 ,ormore

= . finding powers of acomplex number(e.g. Z? canbe written as ZZ)
= Therules formultiplication can be proved algebraically by multiplying z; = r; cis (61) by z2 = r2 cis (82),
expanding the brackets and using compound angle formulae

How do | divide complex numbers in modulus-argument (polar) form?

= Todivide two complex numbersin modulus-argument (polar) form, we divide their moduliand
subtract their arguments

Izl B |Z1|
| %3 |z,
Zl
- arg| - |Sargz —arg z,
2
n Soifz;=rcis(B;)andzy=rycis(62) then
Z n (0,-0)
= — =—CIS -
1 2
Z, L

= Sometimes the new argument, 91 - 92,canlieoutofthe range— T < 0 < TT (ortherange

0 < 0 < 2 mifthisisbeingused)
= Youcanadd or subtract 2 TT to bring out-of-range arguments back inrange
= Therules fordivision can be proved algebraically by dividing z; = r; cis (61) by z» = ro cis (82) using
complex division and the compound angle formulae
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O Examiner Tip

= Rememberthatrcis8onlyrefersto r(COS 0 +isin 0)

= If you see acomplex numberwritten in the form z = r(cos @ —isin 6) thenyouwillneedto
convertitto the correct formfirst
= Make sure you are confident with basic trig identities to help you do this
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@ Worked example
3m

. _ m\ .. (T
LetZ, =4./2 cis 1 ande—\/g(cos(z) 1sm(2 ))

a) Find z,z, giving your answer in the form I(COS0 + isinH) where0<0<2m

z, =47 as(3F) , 2, = [B(cos(-F) +isin(-}) = 2JZcis(-3)
foc 2,2, Multiply the moduli and odd e arguments
2,2, = (417 cis(CR) (2T ais(-3)

= (&J2)(212) cis(%- +(-3)

2,2, = \E(COS% + iSinli-)

1 ..
Find —, giving your answerin the form I(COSQ + 1811’19) where—TI<O< 1T

Z, e 2
Foc — divide the madull and suldkrack the arguments

2o wmas(R) | el cis(a_(y)
22 2Z cis(-%) 2z !

STL/‘_-\\STT-
- ZC.!‘S(T) T s not n the
-T<B&T
- /51 range
= ZC"S(T_?-K‘) SO subtract 27T

ko bf'tn.s ik wko ronge

= 2(cos (%) + isin(:éq_l))
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Exponential (Euler's) Form

How do we write a complex number in Euler's (exponential) form?

= Acomplexnumbercanbe writtenin Euler'sformas Z= rei?

= Thisrelates to the modulus-argument (polar)formas Z = rei9 =rcis 0
= Thisshowsaclearlink between exponential functions and trigonometric functions
= Thisis givenin the formula booklet under 'Modulus-argument (polar) form and exponential (Euler)
form'
= The argumentis normally givenintherange O <6 < 2mn
= Howeverin exponential form other arguments can be used and the same convention of adding or
subtracting 2t can be applied

How do we multiply and divide complex numbers in Euler's form?

= Euler'sform allows for quick and easy multiplication and division of complex numbers

P 16, 4z = i6, N
. Z1 rle an 22 1'26 then
i(6,+6,)
n X == 1 2
Z1 22 I'11’2€
= Multiply the moduliand add the arguments
Z r. .
R BN O
4 h

= Divide the moduliand subtract the arguments
= Using these rules makes multiplying and dividing more than two complex numbers much easier thanin
Cartesian form
= Whenacomplexnumberis writtenin Euler's formitis easy to raise that complex number to a power

o If z= reif, 22 = 2210 ang 27 = rreni?
What are some common numbers in exponential form?

= AsCOS (2 T[) =1 andsin (2 T[) = (0 you canwrite:
| =e2mi
= Using the sameideayou can write:
w | =e0=e2Mi=dmi=bmi= g2kmi
= wherekisanyinteger
= As COS( 7T) = —1and sin( 7T) = (0 you can write:
= efli= -]
= Ormore commonly written as eif+1=0

= Thisisknown as Euler'sidentity and is considered by some mathematicians as the most
beautiful equation

Page 11 of 30



Acos£=0 dsin£=1 ite:
s > an ) you can write:

i
= i=e?

O Examiner Tip

= Euler'sform allows for easy manipulation of complex numbers, in an examitis often worth the time
converting acomplex numberinto Euler's form if further calculations need to be carried out
= Familiarise yourself with which calculations are easier in which form, for example multiplication
and division are easiestin Euler's form but adding and subtracting are easiestin Cartesian
form

@ Worked example

.
LI .
Consider the complexnumber Z = 2e 3  Calculate Z2 giving your answerin the form reif,

- (28 - (2FY2F) - 4"

muk.'L.EslPi thhe fY'Iocku.Lt..
odd the arguments
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Conversion of Forms

Converting from Cartesian form to modulus-argument (polar) form or exponential (Euler's)
form

= To convert from Cartesian form to modulus-argument (polar) form or exponential (Euler) formuse

c r=l2=x+y

= and
» O=argz

Converting from modulus-argument (polar) form or exponential (Euler's) form to Cartesian
form

= To convert from modulus-argument (polar) form to Cartesian form
= Youmay need to use your knowledge of trig exact values
= a=rcosBandb=rsind
= Writez=r(cosO +isin®)asz=rcos0 +(rsinB )i
= Find the values of the trigonometric ratios rsin@ and rcos@
= Rewriteasz=a+biwhere
= To convert from exponential (Euler’s) form to Cartesian form first rewrite z=re® inthe formz=rcos8 + (r
sinB)i and then follow the steps above

Converting between complex number forms using your GDC

= Your GDC may also be able to convert complex numbers between the various forms
= Tlcalculators, forexample, have 'Convert to Polar' and 'Convert to Rectangular' (i.e. Cartesian) as
optionsinthe 'Complex Number Tools' menu
= Make sure you are familiar with your GDC and what it can (and cannot) do with complex numbers

©O Examiner Tip

= When converting from Cartesian forminto Polar or Euler's form, always leave your modulus and
argument as an exact value
= Roundingvalues too early may resultininaccuracies lateron
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@ Worked example

27 |

-1

Two complex numbers are given by Z1 =2+2iand Z2 =3¢ 3

a) Write Z1 in the form rei?.

xomLed
Find the modulus: |2, =J2*+2* = J§ =212
Drow a sketeh to help find the &rsument:

Im
JP |
- : e+ii e ="mm"(%) =-]-cm-‘(l)
i -
T4
e ! »Re
A
>

r;
4
E( = 7_]_7._.6

b) Write Z_ inthe form I(C089 + isin@) and then convert it to Cartesian form.

2

77

& X, S

i g L 2T
Z, = 3e B 3((‘.05 s tismS

3(-z «i (@)

E?.= -32—-(-| + El)

Page 14 of 30



Page 15 of 30



1.9.3 Complex Roots of Polynomials

Complex Roots of Quadratics

What are complex roots?

= A quadratic equation can either have two realroots (zeros), arepeatedreal root ornoreal roots
= Thisdepends onthelocation of the graph of the quadratic with respect to the x-axis

= |f aquadratic equation has noreal roots we would previously have stated that it has no real solutions
= The quadratic equation will have a negative discriminant
= This means taking the square root of a negative number

= Complex numbers provide solutions for quadratic equations that have no real roots

How do we solve a quadratic equation when it has complex roots?

= |f aquadratic equation takes the form ax? + bx + ¢ = O it can be solved by either using the quadratic
formula or completing the square
» If aquadratic equation takes the form ax? + b = O it can be solved by rearranging
= Thepropertyi=v-lisused
. \/—a=\/aX -1 =\/ZX«/—1
= |f the coefficients of the quadratic are real then the complexroots will occurin complex conjugate
pairs
= |[fz=p+qi(g#0)isarootof aquadratic with real coefficients thenz* = p - giisalso aroot
= Thereal part of the solutions will have the same value as the x coordinate of the turning point on the
graph of the quadratic
= Whenthe coefficients of the quadratic equation are non-real, the solutions will not be complex
conjugates
= Tosolve these you can use the quadratic formula

How do we factorise a quadratic equationif it has complex roots?

= |f we are given a quadratic equationin the form azZ+bz+c=0,wherea, b,andc e r,a#0we canuseits
complexroots towrite it in factorised form
= Usethe quadratic formula to find the tworoots,z=p+qgiandz*=p - qi
= Thismeansthatz-(p +gi)andz - (p - gi) must both be factors of the quadratic equation
= Therefore we canwrite azZ+bz+c=a(z- (p+qi))z-(p-qi)
= Thiscanberearrangedinto the forma(z-p - qi)(z- p + gi)

How do we find a quadratic equation when given a complex root?

= |fwe are givena complexrootin the formz=p + giwe can find the quadratic equation in the form az?2 +
bz+c=0,wherea, b,andcer,a#0
= \Weknow thatthe secondrootmustbez*=p-qi
= Thismeansthatz-(p +gi)and z - (p - gi) must both be factors of the quadratic equation
= Therefore we canwrite az?+bz+c=(z-(p +qi))(z-(p - qi))
= Rewriting this as ((z- p) - gi))((z - p) + gi)) makes expanding easier
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» Expanding this gives the quadratic equation z2 - 2pz + (o2 + g2)
= g=1
= b= —2p
» c=pZ+q?
= This demonstrates the important property (x - 2)(x - z*) = x2 - 2Re(z)x + |z|2

O Examiner Tip

= Once you have your final answers you can check your roots are correct by substituting your
solutions backinto the original equation

= Youshouldget Oif correct! [Note: O is equivalent to 0+ Oi]

Page 17 of 30



@ Worked example

a) Solve the quadratic equation z% - 2z+ 5 = 0 and hence, factorise 72 - 2z + 5.

Use the quo.&rabc focrmulan or ComPie_ﬁV\a the
Sq{umre to find the solukions.

|
i 4
L

bt b - dac ;

Solutions of a quadratic N LN a0

equation 2a

no o

2oL L] -ul)s) - 211
e

2(1)
7

_ 2tk
7

z‘ = ‘ "l'Zl 22 I-‘Z.i

l‘ the solutions ore Z2,2142 and 2. = |-

thea the foctors mustk be Z-(1+2i) ond z2-(1-2)

-2z +5 = (2-(+2)=Z-(1-21))

(-1-2)(2-1+2i)

b) Given that one root of a quadratic equationis z= 2 - 3i, find the quadratic equationin the form
azZ+bz+c=0,wherea,b,andcer,az0.
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I 2-2i is one vook HBren 221 must be the other
ot ond e tue fockers must be 2-(2-31) and
z-(2 +31).

(2 - @2-3))z -(2+3) =0

(¢ -@a;) =0

(z-2)* - @iy =0

zt-b4z + b -qir =0, _q .9

e
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Complex Roots of Polynomials
How many roots should a polynomial have?

= We know that every quadratic equation has two roots (not necessarily distinct or real)
= Thisis aparticular case of amore generalrule:
= Every polynomial equation of degree nhasnroots
= Thenroots are not necessarily all distinct and therefore we need to count any repeated roots that
may occur individually
= |f apolynomial has real coefficients, then any non-real roots will occur as complex conjugate pairs
= Soif the polynomial has a non-real complexroot, thenit will always have the complex conjugate of
thatrootas anotherroot
= Fromthe above rules we can state the following:

= Acubic equation of the form ax3 + bx? + cx + d =0 canhave either:
= 3realroots
= Orlrealroot and a complex conjugate pair

= Aquartic equation of the form ax4 + bx3 + ¢x2? + dx + e = 0 will have one of the following cases
forroots:
= 4realroots
= 2real and 2 nonreal (a complex conjugate pair)
= 4 nonreal (two complex conjugate pairs)

How do we solve a cubic equation with complex roots?

= Stepsto solve a cubic equation with complexroots
= [fwearetoldthatp+qgiisaroot, thenweknowp - giis also aroot
= Thismeansthatz-(p +gi)andz-(p - gi) must both be factors of the cubic equation
» Multiplying the above factors together gives us a quadratic factor of the form (Az? + Bz + C)
= \We needto find the third factor(z- a)
= Multiply the factors and equate to our original equation to get
« (A2+Bz+O(z—a)=ax3+bx2+cx+d
= Fromthere either
= Expand and compare coefficients to find
= Oruse polynomial division to find the factor (z- a)
= Finally, write your three roots clearly

How do we solve a polynomial of any degree with complexroots?

= When asked to find the roots of any polynomial when we are given one, we use almost the same
method as fora cubic equation

= State theinitialroot and its conjugate and write their factors as a quadratic factor (as above) we will
have two unknown roots to find, write these as factors (z- a) and (z - B)

= The unknown factors also form a quadratic factor (z- a)(z- )

= Then continue with the steps from above, either comparing coefficients or using polynomial
division

= |fusing polynomial division, then solve the quadratic factoryou get to find the roots aand 3
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How do we solve polynomial equations with unknown coefficients?

= Stepsto find unknown variablesin a given equation when givenaroot:

Substitute the givenroot p + giinto the equationf(z) = O

Expand and group together the real and imaginary parts (these expressions will contain our
unknown values)

Solve as simultaneous equations to find the unknowns

Substitute the values into the original equation

From here continue using the previously described methods for finding otherroots for the
polynomial

How do we factorise a polynomial when given a complex root?

= |f we are given aroot of a polynomial of any degreeinthe formz =p +qi

We know that the complex conjugate, z*=p - giis anotherroot
We canwrite (z- (p +qi)) and (z - (p - gi)) as two linear factors
= Orrearrange into one quadratic factor

= This can be multiplied out with another factor to find further factors of the polynomial
= Forhigherorderpolynomials more than one root may be given

If the further givenrootis complexthenits complex conjugate will also be aroot

= Thiswill allow you to find further factors

O Examiner Tip

= You canspeed up multiplying two complex conjugate factors together by

= rewrite (z-(p+qi)(z-(p-qi)as((z-p)-qi)((z-p)+qi)
= Then((z-p)-qi)((z-p)+qi) = (z-p)?-(qi)?=(z-p)*+q?
If you are working on a calculator paperread the question carefully to see how much of the

working needs to be shown but always remember to use your GDC to check your working where
youcan
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@ Worked example

Given that one root of a polynomial p(x) = 23+ z2 - 7z + 65 is 2 - 3i, find the otherroots.

B 2-2; is one root then 2+3i must be e other
wt ond twoe of the fackors must be z-(2-31)

and. Z2-(2+31)
Thecefore. o quadcakic fockoc is 2T-4= +13
There must exist o lnear focker (02 +\)

J. (o2 +\o)(2"'-‘-l-%+l?>) = 13 + 2 -F2 + 65
Compare. coefficients: oz? = 13 Coefficient of 23
a=|
12 = b constont Coefficient

b=5
Therefore.  twe foctors ove 2-(2-31) , 2-(2+3)
ond (E +5)

(z-(2-3))@E@+3)(=+5)=0

z=(2%3) and 2=-5
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1.9.4 De Moivre's Theorem

De Moivre's Theorem

Whatis De Moivre’s Theorem?

De Moivre’s theorem can be used to find powers of complex numbers

ltstatesthatfor z = rcis 6, z? = [r(cos@+isind)]? = r"(cosnf + isinnb)
= Where
= z£0
= risthemodulus, |z|,re r*
= @ istheargument,argz,6eRr
" NeRr
In Euler'sform thisis simply:
. (reiH)n = heind
Inwords de Moivre’s theorem tells us to raise the modulus by the power of n and multiply the argument
byn
Inthe formula booklet de Moivre’s theoremis givenin both polarand Euler’s form:
. [I(COSH + isin@)]“ = r"(cosn@ + isinnd) = rreinf = 1 cis nd

How do luse de Moivre’s Theorem to raise a complex number to a power?

If acomplex numberisin Cartesian formyou will need to convert it to either modulus-argument (polar)
form or exponential (Euler’s) form first
= This allows de Moivre’s theorem to be used on the complex number
You may need to convert it back to Cartesian form afterwards
If acomplex numberisinthe form Z= I(COS(H) - iSin(Q)) thenyou willneed torewrite it as
zZ= I(COS(— (9) + isin(— 9)) before applying de Moivre’s theorem
Auseful case of de Moivre’s theorem allows us to easily find the reciprocal of acomplex number:

1 1 1 .
. —=—(cos(-0)+isin(- ) = —e"i?
z r r

= Using the trigidentities cos(-6) = cos(B6) and sin(-8) = - sin(B) gives
1 .. 1 ..

« —=z"1=r"1[cos(0)—isin(h)] = 7[cos(0)—1sm(0)]
z

Ingeneral
« z 1= r"1[cos(—nb) + isin(—nh)] = r~"[cos(nh) — isin(n6)]

Page 23 of 30



O Examiner Tip

= Youmay be asked to find all the powers of a complex number, this means there will be a repeating

pattern
= This canhappenif the modulus of the complex numberis 1

Keep an eye onyouranswers and look for the point at which they begin to repeat themselves

0 Worked example

_+_

-3
1.
Find the value of( 6 6 1) , giving your answer in the form a + bi.

Write in Polor form : . (EY"(.—).l _ _:'rg

[ 6 -
ool el -2 gl
(E )" - ) L
E)) = (3 cis (“i“)

| g
APPij D&MQN(&IS Theorem = CES({,

Convert bock to Coctesian form :

27 (cos (“%-) + F-Sl-l"l.(‘-?_'—))

2* cis )

2%(0-i)

-27%
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Proof of De Moivre's Theorem
How is de Moivre’s Theorem proved?

= Whenwrittenin Euler’s form the proof of de Moivre’s theoremis easy to see:

= Usingthe indexlaw of brackets: (I‘eig)n = rheind
= However Euler’s form cannot be used to prove de Moivre’s Theorem whenitis in modulus-argument
(polar)form
= Proof by induction can be used to prove de Moivre’s Theorem for positive integers:
= To prove de Moivre’s Theorem for all positive integers, n
« [r(cos@+isind)]” = r'(cosn + isinnb)
= STEP1:Proveitistrueforn=1
« [r(cos@+isind)]! = r'(cos1 0+ isinl @) = r(cosd + isiné)
= SodeMoivre’s Theoremistrueforn=1
s STEP 2: Assumeitistrueforn=k
« [r(cos@+isind) ]k = rk(cosk® + isink®)
= STEP 3:Showitistrueforn=k+1
« [r(cos@+isind)]k* 1 =([r(cos+ isind)]¥)([r (cos@ + isinh)]!)
= According to the assumption thisis equal to
« (r*(coskd+ isink0)) (r(cosO + isind))
= Usinglaws of indices and multiplying out the brackets:
« = rk*1[coskfOcosO+icos kO sinf + isinkOcosO + i2sinkOsin 0]
= Lettingi?=-Tand collecting the real and imaginary parts gives:

« = rk+1[coskfcosf — sinkOsinf + i(cos kO sind + sinkfcosb)]

= Recognising that the real part is equivalent to cos(k@ +8) and the imaginary partis equivalent to
sin(kf +6) gives
« (rcis0)k*+1=rk+1[cos(k+1)0+isin(k+ 1)6]

= SodeMoivre’s Theoremistrueforn=k+1
= STEP 4: Write a conclusion to complete the proof

= Thestatementistrueforn=1,andifitistrueforn=kitisalsotrueforn=k+1

= Therefore, by the principle of mathematical induction, the resultis true for all positive integers, n
= De Moivre’s Theorem works for all real values of n

= Howeveryou could only be asked to proveitis true for positive integers

O Examiner Tip

= | earning the standard proof for de Moivre's theorem will also help you to memorise the steps for
proof by induction, anotherimportant topic for your AAHL exam
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@ Worked example

Show, using proof by mathematical induction, that fora complex numberz =rcisf and for all positive
integers, n,

7z = [r(cos@+isind)]" = r*(cosnf + isinné)

Step |+ Prove & is true for n=i
¥ - [r(cose + 1Sin 9):|I = ¢'(cos 18 + isinlB) = r(cosO + isinB)
Step 2 Assume & is true for n=k
z* [r(cos.e + 1Sin 9):|K= (cosk @ +isinkB)
Step 3: Show & is true for n=k+l
Kl

z*"' = [f(cose + 1Sin 9)] Addition Low of indices: ofal = o&*'

= ([((cose + isin 6)] ")([r(cose +isin 9):D

rExy' = pet

[Ncosk6 +isinks)] [((cos® + isin o)
= %' (cosk® +isink8)(cosO + isin B) 7
—_—

e
= k¥ [COSK.Q cos@+coskO(ising)+ cosB(isin ko) + Usink® 5""‘9]

= **'[coskgcosO+i(coskOsing +cosOsinkO)- sinkOsind] | colleck
Re ond Im

. rx+‘|:c;osk,ecose - sink.esine-r:,(cgsk_es;ne +Siﬂk9€059] pocts
—_—
=cos (ko +6) =5in(ko +6)
- M [cos(k9+9) +18wn (ke ,,e)]
- (x+l[cos(k+l)6+isin(kﬂ)e] So brue for nekel

Sl,g? b: Write o conclusion :

De Mowre's theorem (s wrue for n=1, ond i & & true
for n=% (& (s also true for n=k+l,
Thue.{-‘ou. & i trwe for ol nezZ’
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1.9.5 Roots of Complex Numbers

Roots of Complex Numbers
How do | find the square root of a complex number?

= The squareroots of acomplex number will themselves be complex:
= ieifZ2Z=a+ bithenz=c+ di
= Wecanthensquare(C+ di) and equate it to the original complex number (4 + bi), as they both
describe Z2:
« a+bi=(c+di)>?
= Thenexpand and simplify:
» a+bi=c?+2cdi+ d?i?
« a+bi=c2+2cdi— d?
= Asbothsides are equal we are able to equate real and imaginary parts:
= Equating therealcomponents: 4 = C2 - d2 )
= Equating the imaginary components: b=2cd (2
= These equations can then be solved simultaneously to find the real and imaginary components of the
square root

b

= |ngeneral, we canrearrange (2) to make = = C and then substitute into (1)

2d
= Thiswilllead to a quartic equation in terms of d; which can be solved by making a substitution to
turnitinto a quadratic

= Thevalues of d canthen be used to find the corresponding values of C, so we now have both

components of both square roots (C + di)
= Note that one root will be the negative of the otherroot

= g.ctdiand —c—di
How do l use de Moivre’s Theorem to find roots of a complex number?

= De Moivre’s Theorem states that a complex numberin modulus-argument form can be raised to the
power of n by
= Raising the modulus to the power of nand multiplying the argument by n
= Wheninmodulus-argument (polar) form de Moivre’s Theorem can then be used to find the roots of a
complexnumber by
= Taking the nthroot of the modulus and dividing the argument by n
1

« itz = r{cosf+isin) then ¥/ z = [{cos(@+ 2 mk) + isin(6 + 2 7k))] »
» k=0,1,2,..,n-1
= Recallthat adding 2mto the argument of a complex number does not change the complex
number
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= Therefore we must consider how different arguments will give the same result

1
— 0+ 2k 0+ 2mk
= Thiscanberewrittenas H\/ z = rn (COS(—H )+ iSin(—H ))

= This canbe writtenin exponential (Euler’s) form as
0+2mk

. 1
» For Z0=rell z= {/re n
= The nthroot of complex number will have nroots with the properties:

= The modulusis %forall roots
= There willbe n different arguments spaced at equal intervals on the unit circle
= This creates some geometrically beautiful results:
= The fiveroots of acomplex numberraised to the power 5 will create aregular pentagononan
Argand diagram
= Theeightroots of acomplexnumberraised to the power 8 will create aregularoctagononan
Argand diagram
= Thenroots of acomplexnumberraised to the power n will create aregular n-sided polygon on
an Argand diagram
= Sometimesyoumay need to use your GDC to find the roots of a complex number
= Using your GDC'’s store function will help when entering complicated modulus and arguments
= Make sure you choose the correct formto enter your complex numberin
= Your GDC should be able to give you the answerin your preferred form

O ExaminerTip

= De Moivre's theorem makes finding roots of complex numbers very easy, but you must be
confident converting from Cartesian forminto Polar and Euler's form first
= |fyouareina calculatorexam your GDC will be able to do this foryou but you must clearly
show how you got to your answer
= Youmustalso be prepared to do this by hand in a non-calculator paper
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@ Worked example

a) Find the square roots of 5 + 12i, giving your answers in the form a + bi.
lek 2% = 54121 , then 2 = a +bi
2 = a® + 2abi + b"ilr\

=o' +2abi - b*

*3
L ==

Therefore S +121 = (o'-b*) + 2ab.
EW& the real components: o' -p* =85 0]

Equate the ifvwcéiaoxb components : 20b = |2 @

Solve the simultoneous eq}mﬁ{ons : o = —i— = (%)‘ -b* =5
b*+ 5" -3b6=0
(b* + Q) (b*-4)=0
bz i q or b" = *'-I-
No reoal A
solutions b=t2
a =13

2= 3421 , 2, =-3-24

b) Solve the equation =—4+ 4./31 giving your answers in the formrcis 6.
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Convert -4 +4131 to folac form:
P [ SR 3 S P

9=E'(+m"‘(&¢f—ﬁ) s T
&
b 44ITi = Beis (LF)
2% =-4 + &3} ‘
2 SFevemt - (saddp)’

NOPAL I13
3

Ocder 3 so there are 3 vooks, wse k=0,1,72:

z= Zas (&F) , Zcis(l%t‘) , ZC'!S(":‘TC)l
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