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1.4.1 Proof

Language of Proof
Whatis proof?

= Proofisaseries of logical steps which show aresultis true for all specified numbers
= ‘Seeing’ that aresult works forafew numbersis not enough to show that it willwork for allnumbers
= Proof allows us to show (usually algebraically) that the result will work for all values

= You must be familiar with the notation and language of proof

= |HS and RHS are standard abbreviations forleft-hand side and right-hand side

= Integers are used frequently in the language of proof
» The set of integers is denoted by Z

= The set of positive integers is denoted by Z +
How do we prove a statement is true for all values?

= Most of the time you will need to use algebra to show that the left-hand side (LHS) is the same as the
right-hand side (RHS)
= Youmustnot move terms from one side to the other
= Startwith one side (usually the LHS) and manipulate it to show that it is the same as the other
=  Amathematical identity is a statement thatis true for all values of x (or 8in trigonometry)
= The symbol = isusedtoidentify anidentity
= |fyou see this symbolthenyou canuse proof methods to show itis true
= You cancomplete your proof by stating that RHS = LHS or writing QED

O Examiner Tip

= Youwillneed to show each step of your proof clearly and set out your methodin alogical mannerin
the exam
= Be careful not to skip steps
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@ Worked example
provethat(2x —2)(x—=3) +2(x—1)=2(x—-2)(x - 1).

Work webn LHS fiesk:

Expand brockets:
(Fau..

LHS : (‘21-2.)(:..—3)4.'@)
L
2x? -4 -2x +b6 +2x -2
S;MPL‘:’FQ, toke cove wecth neao;bivgs:
2x? -bx + 4

Foctorise the 2:
2 (2e* - 32 +2)

Foctorise remolnino, quadvrotic :
zLx—z)(x-l) = RHS oas w‘l(‘ed.

(22-2)(2x-3) + 2(-1) = 2(x-2)(x-1)
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Proof by Deduction
What s proof by deduction?

= Amathematical andlogical argument that shows that aresultis true

How do we do proof by deduction?

= Aproof by deduction question will often involve showing that aresultis true for allintegers,
consecutive integers or even or odd numbers
= Youcanbeginbylettinganintegerben
= Useconventions foreven(2n)and odd (2n - 1) numbers

= Youwillneedto be familiar with sets of numbers (N , Z, Q, [R)
» N -the set of natural numbers
» [/ -thesetof integers
] Q - the set of quotients (rational numbers)

= R -the setof real numbers

#Fsavemyexams

What s proof by exhaustion?

= Proof by exhaustionis a way to show that the desired result works for every allowed value
= Thisis agood method when there are only a limited number of cases to check

= Using proof by exhaustion means testing every allowed value not just showing a few examples
= The allowed values could be specific values
= They could also be splitinto cases such as evenand odd
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O Examiner Tip

= Trytheresult you are proving with a few different values
= Useasequenceofthem(eg],2,3)

= Trydifferent types of numbers (positive, negative, zero)
= This may help you see a pattern and spot what is going on

@ Worked example

Prove that the sum of any two consecutive odd numbers is always even.

Let 2n -1 be ovn 0dd number
2

muskt e even
Let tweo consecubtive o0dd Cnbesers be.:

el 2m+r|\ next odd number

Then ther sum is:
2ve -1 + 2+ | = 4

2 (2n)

fl

A“-S mulkigle of 2 vust be even.
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Disproof by Counter Example

What s disproof by counter-example?

Disproving aresultinvolves finding a value that does not work in the result
= Thatvalueis called a counter-example

How do I disprove aresult?

You only need to find one value that does not work

Look out for the set of numbers for which the statementis made, it will often be justintegers or natural

numbers

Numbers that have unusual results are ofteninvolved

= |tisoftenagoodideato try the values O and 1first as they often behave in different ways to other

numbers

= The number 2 also behaves differently to other even numbers
= |tisthe only evenprime number

» [tisthe onlynumberthatsatisiesn+n = n?
= |fitisthe set of realnumbers consider how rational and irrational numbers behave differently
= Think about how positive and negative numbers behave differently

= Particularly when working withinequalities

9T, e, v2' (IRRATIONAL)
CAN BE UNUSUAL

0: ZERO DOESN'T
ALWAYS BEHAVE
LIKE OTHER NUMBERS

[+]>]x]
2 IS THE ONLY
UNUSUAL MULTIPLICATION

EVEN PRIME RESULTS Z| NORMALLY GIVES
NUMBER A LARGER RESULT

2+42=2?

LOOKS STRANGE,

BUT IS TRUE!

#save myexams
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O Examiner Tip

= Readthe question carefully, looking out for the set of numbers for which you need to prove the
result
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@ Worked example

Foreach of the following statements, show that they are false by giving a counterexample:

a) Givenn €Z7% i n?isa multiple of 4, then 1 is also a multiple of 4.

N EZ— set of posikive inteqers only
We ace only intecested W posikive inteogss so stost
bxj l-.rjiwf) |, 2 etc.
12 = 1 (not o multipe of &)
=4 n* = & (musiple of &)
n =2 (not o mulkiple of &)

Let na2:n® =& (mulxiple of &)
n=2 (not o mukiple of &)

b) Given X € Z then 3 X is always greaterthan 2 X .
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XEZ «— set of {.nb.cﬁm only

we are interested wn  both positive ond negokive.
in\-egexs ond. Zero so Congder how eoch of
these  groups behave:

Posikive \'.r\tecz}ers, eoq. lev 2e =1

2x = 2

3c=3 o B3xD>ix

Levo:

Lk =0

2% = O

3 =0 . 3Bx=2x (ws is erough to  disprove
the vesult)

Negotive (ntegers, eq. lex o = -):

i TR

3x = -3 . 2x>3x (ﬂn}j negqaktive inteopr Can

disprove the resulk)

let =0
2% s O
3x=0 .. 31?21
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