[Maximum mark: 6]

Solve the equation 2= 1, giving your answers in Cartesian form.

[Maximum mark: 4]

On the Argand diagram below, the point A represents the complex number 41 and the point B represents the complex number —5 + 1. The shape ABCD is a square.

Im(z)

Re(z)

Determine the complex number represented by

1.
the point C;
2.
the point D.

[21
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[Maximum mark: 6]
Consider the complex number z = w1 where w; = \[ + \@i and wy = 3 + \/gi.

wa
1.
Express w; and ws in modulus-argument form and write down
1.
the modulus of z;
2.
the argument of z.
2

Find the smallest positive integer value of i such that 2™ is a real number.

[a]

[2]




[Maximum mark: 6]

1.
Find z + w.
2.
Find

1.

|2+ wl;

2
3

Imn(z)

arg(z + w).

In this question give all angles in radians.
letz =1+ 2iandw =4+ 1.

i

Find 8, the angle shown on the diagram below.

Re(z)

[l




-

[Maximum mark: 8]
Lletz =2+ iandw =1—2i.

1.

Find zw.

2.

lllustrate z, w and zw on the same Argand diagram.

3.
Let # be the angle between zw and w. Find #, giving your answer in radians.




-
[Maximum mark: 6]

—
A circle of radius 3 and centre (0,3) is drawn on an Argand diagram. The tangent to the circle from the point B[O, 9) meets the circle at the point A as shown. Let w = QA.

Im(z)

3] \ Re(z)

1.
Show that |w| = 3v/3. 21
2.
Find arg w. 21
3.
Hence write w in the form @ + bi where a, b € . 121

[Maximum mark: 7]
The complex numbers w and 2 satisfy the equations

B lu

w* + 2z =4+ 5i.

Find w and z in the form a + bi where a, b € Z.




[Maximum mark: 6]

3z

Consider the equation L = lwherez =z tiyandz, yc R

Find the value of z and the value of y.

-

[Maximum mark: 7]
Points A and B represent the complex numbers z; = \/§ — 1and z9 = —3 — 31 as shown on the Argand diagram below.

Lin(z)

3
t Re(z)

1.

Find the angle AOB. [3]
2.

Find the argument of zz9. [1]
3.

Given that the real powers of pz) 2, for p > 0, all lie on 2 unit circle centred at the origin, find the exact value of p.

[3]
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[Maximum mark: 6]

Im(z)
5T
A
B
: Re(z)
0 5
1.
Find the exact value of |z — w|.
2.
1.
Find the exact perimeter of triangle AOB.
2

Find the exact area of triangle AOB.

The complex numbers z and w correspond to the points A and B as shown on the diagram below.

[a]




-

[Maximum marki 6]
Let z = re'i where r € R7.

1.

Forr = \/2_2,
1.

express 22 and z% in the form @ + bi where a, b € |;

2.
draw z° and z* on the following Argand diagram.

Im(z)

2.
Given that the integer powers of w — (3 - 3i)z lie on a unit circle centred at the origin, find the value of .

(4]

[21
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[Maximum m_ark 6]
Let z = re's wherer ¢ ™.

1

Forr = ﬂ,
1. )
express z° and z° in the form @ + bi where a, b € E;
2.
draw z° and z* on the following Argand diagram.
Im(z)
| L
L3
i i
| .l
f t — ! —— Re(z)
| 2 1| 1 2|
L4
2.

Given that the integer powers of w — lie on a unit circle centred

at the origin, find the value of r.

[a]




-

[Maximum mark: 7]
Consider the complex numbersu — 1+ 2iand v — 2 + i.

1.
1 1 642
Given that — + — = , express w in the form a + bi where a, b € R.
u v w (]
2. 7
Find w* and express it in the form re'’. [3]
[Maximum mark: 9]
1.
Find three distinct roots of the equation 264 = 0, z € C, giving your answers in modulus-argument form. 161
The roots are represented by the vertices of a triangle in an Argand diagram. ]
3

1. Show that the area of the triangle is 12 \'ﬁ.




[Maximum mark: 6]

Let z = 2cis 26 where 0 < # < 45°. Find the modulus and argument of z + 2, expressing your answers in terms of £.

[Maximum nji_rk 8]
Letw — 2e's .

1.
write w, w? and w? in the form a + bi where a,b € R.
2.
Draw w, w? and w® on an Argand diagram.
2.
Find the smallest integer k& > 3 such that w is a real number.

[Maximum mark: 7]

Consider the equation 224 paz® 4 b2+ ez +d = 0, where a,b,c,d € Randz €

4 + logy 5.
Show that 15a + d + 90 = 0.

C. Two of the roots of the equation are log, 10 and iﬁ and the sum of all the roots is




-

[Maximum mark: 12]
Consider the complex numbers z; = 3¢is(120°) and 29 = 2 + 21.

1.

z
Calculate - giving your answer both in modulus-argument form and
g
Cartesian form. [71
2.
Use your results from part (a) to find the exact value of sin 15° - sin45° - sin75°,
a
giving your answer in the form % wherea, b€ Z7. 5]
A
-
[Maximum mark: 18]
1. .
Express —4 + 44/3i in the form rel’, where r > O and —7 < 8 < 7. [s]
Let the roots of the equation FLE 4\//§i be z1, z2 and z3.
1. .
Find z1, z3 and z3 expressing your answers in the form '."e‘g, wherer > Oand —7 < 8 < 7. [5]
On an Argand diagram, zj, 22 and z3 are represented by the points A, B and C, respectively.
1.
Find the area of the triangle ABC. [4]
2.
By considering the sum of the roots z1, 29 and 23, show that
21 4 8
cos (—) + cos (—) + cos (—) =0
9 9 9
[a]




[Maximum mark: 15]

-1
Consider w — ZT where z =z +iyandi =+ -1
z+1i

1.
Ifz =1,
1.
write w in the form r ¢is &;
2.
find the value of w'?,
2.

Show that in general,

(@ —z+ 9y’ +y)+ily—z+1)
2?2+ (y+1)2

w—

3.
Find condition under which Re{w) = L.
4.
State condition under which w is:

1.

real:

2.

purely imaginary.
5. -
Find the modulus of z given that arg w = 1

[s]

[4]

[21

(2]

[21

[Maximum mark: 6]
On an Argand diagram, the complex numbers z; — 2 + 2\/§ir zg — 1 — iand z3 — z)2» are represented by the vertices of a triangle.
The exact area of the triangle can be expressed in the form p + /g. Find the value of p and of g.




-

[Maximum mark: 19]

1.
1

2.
Hence use de Maivre’s theorem to prove that

3

Expand (cos 8 + isin 8)? by using the binomial theorem.

cos48 = cos* 8 — G cos® @sin® 6 + sin* 6.

State a similar expression for sin 46 in terms of cos # and sin §.

Letz = r(cos a+ isin a), where a is measured in degrees, be the solution

of z* — 1 = 0 which has the smallest positive argument.

1.
Find the modulus and argument of z.

2.

Hence express cos 22.5° in the form

3.
Va+bye
d

Use (a) (i) and your answer from (b) to show that 8 cos® @ — 8cos® a + 1 = 0.

where a, b, e, d € Z.

(4]

(4]

[s]




e

[Maximum mark: 19]

Let z *cus€+isinﬁ.for—£ < f < E.

Hence find the fourth roots of z in modulus-argument form.

4
1.
1. )
Find 2% using the binomial theorem.
2.
Use de Moivre's theorem to show that cos 36 = 4 cos®§ — 3cos# and sin 36 = 3sin 6 — 4sin® 6. 18]
2.
H how that sin 36 — sin @ tang
——— — ta .
ence Show that 0530 + cosd H [6]
* 1
Given thatsin # = 3 find the exact value of tan 36. (5]
AN
4
[Maximum mark: 22]
1.
Solve 2sin(z + 120°) = v/3 cos(z + 60°), forz & [0,180°]. 5]
2.
6
Show thatsin 75" + cos 75" = £
2 13
3.
Let z = sin4f + i(1 — cos48), forz € C, 8 € [0,90°].
1.
Find the modulus and argument of z in terms of .
2
[14]




-

[Maximum mark: 17]

Solve the equation z¥ = 27, z € ©, giving your answer in the form
z = r(cos@ + isin#) and in the form 2 — a + bi where a,b € .

1
Consider the complex numbers z; — —1 + iand 20 = —= {(;05 (E) + i:,‘in(;r

V2 3
1.

Write z1 in the form r(cos 8 -+ isin ).

2.

Calculate 23 z9 and write in the form a + bi where a, b € [R.

3.

T
Hence find the value of tan (E) in the form ¢ + d\/ﬁ where ¢, d € Z.

4.
Find the smallest p £ ) such that (zlzg)p is a positive real number.

[11]




e

[Maximum mark: 16]

1.
Find the roots of 2! — 1 which satisfy the condition 0 < arg(z) < gi
expressing your answer in the form rem, wherer, 8 € R7. [5]
2.
Let S be the sum of the roots found in part (a).
1.
Show that Re(§) = Im(S).
2.
U T . a++vb
By writing — as — - —, find the value of cos (—) in the form —,
8 2 4 8 c
where a, b and ¢ are integers to be determined.
3. 1
Hence, or otherwise, show that § — 5(\ 244242+ \/2 — \/ﬁ) (1 + i). (1]
A
4
[Maximum mark: 20]
1.
Solve the equation sin(z 4+ 90°) = 2cos(e — 60°), 07 < @ < 360°. [s]
2.
Show thatsinl5” 4 cos1b™ = 5 4]
3. .
letz =1 — cos4f — isindf, forz € C,0 < 6 < 7
1.
Find the modulus and argument of z. Express each answer
in its simplest form.
2.
Hence find the fourth roots of z in modulus-argument form. [11]




s

[Maximum mark: 21]

1.
T T 12
Use de Moivre's theorem to find the value of [Cos (F) + isin (?)} .
] 5

2.
Use mathematical induction to prove that

(cosa — isina)™ = cos(na) — isin(na)

Letw — cosa + isina.

1.
Find an expression in terms of a for w™ — (w*)", n € Z7, where w* is the complex conjugate of w.
2.
1.
Show that ww®* = 1.
2.
Write down and simplify the binomial expansion of (w — w‘):‘ in terms of w and w*.
3. .
Hence show that sin(3a) = 3sina — 4sin’ a.
3.

Hence solve 4sin” @ + (2cosa — 3)sina = 0for0 < o < .

forallm e Z7.
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