Expanding the number

system: complex numbers

So far you have only worked with real
numbers. In this chapter, you will begin to
work with complex numbers: a new type of
number that complies with all the properties
of real numbers, but expands into another
dimension. When complex numbers were

first discovered they were called imaginary
numbers since mathematicians could not

find a real application for them. At a later
stage, these numbers were put to use in many
practical areas, and their name was changed to
complex numbers. You will discover that many
equations that we could not find a solution to
within the set of real numbers actually have
complex solutions. In this chapter you will
also learn about one of the most important
theorems in mathematics: the fundamental
theorem of algebra.

Are real numbers the only
numbers that "exist"?

Concepts

m Systems @

m Patterns

Microconcepts

Quadratic function and graph
Quadratic equations and inequalities
Discriminant

Complex numbers

Modulus of a complex number
Operations with complex numbers
Powers and roots of complex numbers
Polynomial functions and their graphs
Operations on polynomials

Linear combination of two polynomials
Factor and remainder theorem

The fundamental theorem of algebra
Polynomial equations

Sum and product of the roots of polynomial
equations

Polynomial inequalities
m Simultaneous equations

How do physicists at the Large Hadron Collider
at CERN model the smashing of particles?
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Your city council has asked you to prepare a
plan of a roller coaster for a new amusement
park. There are some constraints regarding
the height of the roller coaster.

The designer would like to model the track
using functions. What kind of features are
impossible to have, given this restriction?

What kinds of functions are suitable for
modelling the roller coaster and why?

Is it possible to model the entire track by
using one function only?

If it is not possible, what conditions must
the piecewise functions have at their joining
points?

How many points are necessary to determine
the equation of a curved part of the track?

Before you start

Developing inquiry
skills

Write down any similar inquiry questions
you might ask to model another path—for
example, the path of a characterin a 2D
computer game. What different questions
might you need to ask?

Think about the questions in this opening
problem and answer any you can. As you work
through the chapter, you will gain mathematical
knowledge and skills that will help you to answer
them all.

You should know how to:

1 Solve simple quadratic equations, eg
a x>=225= x=1%4225=4%15

b 3x>-72=0=x>=24

— x=+24 =26

2 Use a GDC to graph linear and quadratic
functions, and to solve equations, eg

Given the functions f(x) = x> — 2x+ 2 and
g(x) = —2x+ 3 find the values of x such
that f(x) = g(x).

Graph both functions and find the points
of intersection.

(Click here for help
kwith this skills check
Skills check

1 Solve the following quadratic equations.
a x*=169

b 7x2=196
c 11x2+13=1102

2 For the functions fand g, find the values of
x such that f(x) = g(x).
a flx)=2x>-x—-1andg(x) =-3x+3

b f(x)=4x’-—x—-1and g(x) =x*+x

&

Continued on next page
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x=—-lorx=1

3 Use a GDC to solve linear or quadratic
inequalities, eg
Find the values of x such that x> — 3x<10.

Rewrite the inequality as a quadratic
function and find all the values of x for

which the graph is on or below the x-axis.

xe[-2, 5].

4 Solve simultaneous equations, eg
(3x+4 y=5

12){ +3y=-1

Use one of the methods to solve, eg the
method of elimination.

[3x+4y=5 :f6x+8y=10

12x+3y =-1 1—6)(—9)/ =3

=13 =>y==13 = 2x+3 X (-13) =-1
=>2x=38=>x=19= (x,y) =(19, —=13)

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

3 Find the values of x such that
a 2x—-1>3x+2

b x2+2x<8

C 3x2—2x<2+5x—x?2

4 Solve the following simultaneous
equations by a method of your choice.

, [ 7x—4y=1 " (2x+3y=1
in—Byzz 16x=3—9y

. (2x—y=4 4 [(x=5y+1
12x+3y:1 2x—3=10y
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3.1 it 1

3.1 Quadratic equations and International-

mindedness g
[ [ (]
inequalities z
The Babylonians »
Solving quadratic equations by factorization quadratics ta find ®
When a quadratic equation can be expressed as the product of two the area of fields for L
linear factors, you can factorize the equation and solve it. agriculture and taxation. o
Example 1
Solve the following quadratic equations by factorization.
a x*+3x—-40=0 b 2x2-7x-4=0
a X*+3x-40=0=x>+8x—-5x—-40=0 Split the middle term, so that you can
= x(x+8) = 5(x+8) =0 factorize a common factor from the
first two terms, and a common factor
= x+8)(x=5)=0 from the last two terms.
Use distribution to factorize the
expression.
x+8=00rx—-5=0=>x=—-8o0orx=>5 Use the zero product theorem to find
the solutions.
b 2x2-7x-4=0=>2x>-8x+x-4=0 Again, split the middle term and
factorize in pairs.
2x(x—4) +(x—4)=0=> (2x+ 1)(x—4)=0 Use distribution to factorize the
expression.
2x+1=0o0rx—-4=0=x= L orx=4 Use the zero product theorem to find
2 the solutions.

Solve the following equations by factorization. 3 3x2—7x+2=0

1 *+8x+15=0 4 4x2—20x+25=0
2 x2+5x—14=0 B 5x2—-4x—12=0

Solving equations by completing the square

Most quadratic equations that you will come across do not involve
a perfect square. However, they can easily be transformed into an
expression which does involve a perfect square by a process called
completing the square.

You already know how to solve a quadratic equation by factorization.
However, it is not always possible to factorize a quadratic equation.
Completing the square is another method that you can use to solve a
quadratic equation. You can use this method whenever the equation
has real solutions.
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

First you will find the value of ¢ that can be added to x? + bx to form a
perfect square.

The following diagrams will show you how to do this.

X 6 The area of the region shaded in
green is x? and the area of the
region shaded in pink is 6x. Thus,

X S 6x the area of the whole rectangle is
X? + 6x.
X 3 3 Divide the pink region into two

equal parts.

B e e

b e 3x 3x
X 3 Rearrange the parts.

The large square formed has area
(x + 3)?

X X 3x So the expression x? + 6x
becomes a perfect square when
you add 9.

3 3x 9

Investigation 1

For each of the following diagrams, find the value of ¢ which makes the expression into a perfect square, and
then write the expression as a perfect square.

1 x2+4x+c¢ 2 X>+10x+c¢
X 2 X
X X2 2X X b
2 2x
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©

3 X2+ 3x+¢ 4 x2+bx+c

5 Fillin the blank: To complete the square for x? + bx, add
6 m What are the steps of the completing the square method?

4 How does the area model help you understand the process of completing the square and
why is the process called completing the square?

Use your findings from the investigation to algebraically solve the
following examples.

Example 2

For each quadratic expression, find the value of kK which makes the expression a perfect
square. Hence, write each in a factorized form.

a x2+8x+k b x»-7x+k C 9x?+3x+k
2 2 8x j? . Use the binomial expansion and express
a X' +8x+k=x"+2xxx4+4%=(x+4) the term in x as twice the product of x

with a constant term. Use this constant

A2 _
= k=42=16 term to find the value of k.

—7x k

2
b x2—7x+k:x2—2><xx—+(-7—j

(<-3)=e(3)-%
=|lxX——=|=k=|—| =—
2 2 4

r

c 9x° +3x+k:(3x)2 +2x (3x)x %4{2

2 2
:[mlj :k:(lj 1
2 2 4

| p—
H
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

Once you have transformed a quadratic equation to a form which
involves a perfect square, you can easily solve the equation.

Example 3
Solve the following equations by completing the square. Give your answers in exact form.
a xX*+5x—-24=0 b 2x2-7x+1=0
a X+5x—-24=0=>x*+5x=24 Move the term independent of x to the right-
hand side.
5 (5Y 5
= X+ 2x XX =+ (—j =24+ (—j Complete the square on the left-hand side, and
2 \2 - add the same constant term to the right-hand
side so that you don’t change the equation.
2
5 121 5 121 .
= [x + —) =— = Xx+—=t,/[— Factorize the complete square and solve the
2 4 2 4 equation.
5 11
> X=——Ft —=x=-80rx=3
2 2
2 2 7 1 . . 2 s . e
b 2x"-7x+1=0=>x"—-—x+—=0 Since the coefficient of x+ is not 1, divide the
2 2 whole equation by 2.
, 7 (7Y 1 (7Y Move the term independent of x to the right-
= X —2XXX—+|— | =——+4]| — :
4 |24 5> |1 hand side.
Complete the square on the left-hand side,
NG 7V 41 . 7 . 41 and ad'd the same constant term to the right-
1 16 1 Ve hand side.
Factorize the expression and solve the
7++/41 cquati
- = — quation.
4
There is no need to separate the solutions
since they are written in the surd conjugate
form.

In Example 3b, you left your answer in surd form. However, when
solving real-life problems, it is much more practical to give your
answers in decimal form to an appropriate degree of accuracy. These
values can then be used in making measurements, or whatever the
context of the problem is.

Exercise 3B

xX>—-x—-1=0
3x2-7x+2=0
4x2+12x+5=0
5x2—10x+2=0

1 Solve the following equations
by completing the square. Give
your answers in exact form.

a x2+6x—7=0
b x2—-7x-30=0

= OO Qo O
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3.1 it 1

2 Solve the following equations
by completing the square.
Give your answers correct to 3
significant figures.

X2 +2x—1=0
(p=4)x+(p+2)y=-3
2x2—x—-3=0
3x2+9x+5=0

The quadratic formula

Notice that you can generally solve a quadratic equation by factorization
when its roots are integers, but you can always solve a quadratic equation
by completing the square — even when its roots are surds. However, the
disadvantage is that completing the square can be long and repetitive. It
is, therefore, helpful to have a quicker way to find the solutions to any

quadratic equation with real roots.

Investigation 2

In this investigation, you will start with the general form of a quadratic
equation, ax’>+bx+c¢=0, a, b, ce R, a#0, and use completing the square

to find its solutions in terms of ¢, b and c.

Copy the following table and fill in the missing steps or explanations.

Mathematical working

Explanation

ax?+bx+c=0

1

1 Multiply both sides of the |

equation by a.

2 Subtract ac from both
sides of the equation.

2 2
3 a2x2+2xax><é+ 4 = —ac+ b 3
2 \2 2

bY b

4 \ax+— | =——ac
( 2) 4 *

i ax+£2_b2—4ac c

2 4
6 6 Take the square root of

both sides.

b, \Nb*—4ac
? ax=——t —-—— /

2 2
8 8 Divide by ato find x.

m What do a, b and c stand for in your formula in line 8?
How does the quadratic formula generalize the solutions to

quadratic equations?

HINT

When solving quadratic
equations the solutions
are called roots since in
the formula you use a
square root to find them.
When using quadratic
functions, the points

of intersection with the
x-axis have x values that
are obtained by solving
the corresponding
quadratic equation. In
this case you call them
zeros because the value
of the function for those

=
c
3
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-
Q
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o
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(1)
O
-
Q

xvaluesis 0.
-

HINT

You could take the

same approach that we
used in Example 3b,

by dividing the whole
equation by g4, since

a# 0. However, this
approach will guide you
through using a slightly
different method which
will give the same result.

5 .

TOK

How can you deal with the
ethical dilemma of using
mathematics to cause
harm, such as plotting the
course of a missile?
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

solutions or roots are given by x =

The quadratic formula
For a quadratic equation in the form ax?>+ bx+c¢=0, a, b, c€ R, a#0, the

—b+Ab* —4ac

2a

Example 4

Use the quadratic formula to solve the following equations. Leave your answers in exact form.

a x2+11x+24=0 b 3x2+8x+4=0 c

5x2-2x—1=0 d 2¥24+x+1=0

d

a X2+ 11x+24=0=>a=1,b=11,c=24

11117 —4x1x24  —11+£4121-96

2x 1 2

= X

—11+5
= 5 = x=-80rx=-3

3x2+8x+4=0=a=3,b=8,c=4

8448 —4x3x4 -8+/64-48

= X
2%x3 6
-8+4 —12 —4 2
= S X=——=—20rX=—=——
6 6 6 3

5x2-2x—1=0=>a=5,b=-2,c=—-1

~(=2) % (~2) - 4x5x(-1) _2+44+20

= X =

2%x5 10

_2#2J6 _ _1-46 1+ /6

10 5 5

2X2 4+ x+1=0=>a=2,b=1,c=1

o1V —4x2x1 —1+1-8
2% 2 4

=X

= x¢ R

C—1+4-7
4

Identify the coefficients a, b and ¢ and
apply the formula.

Separate the solutions.

Identify the coefficients a, b and ¢
and apply the formula.

Separate the solutions.

Identify the coefficients a4, b and ¢ and
apply the formula.

Separate the solutions.

Identify the coefficients a, b and ¢
and apply the formula.

Since the expression under the
square root is negative, there is no
real solution.

When either of the coefficients b and/or c are equal to zero, we have
special cases that we solve by using simpler methods.
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3.1 it 1

Casel
b=0,c#0

a

xeRif-£>0andxe Rif—-<<o0.
a a

Case 2
b#0,c=0

have two real solutions, one of which is always O.

c ’ c
ax’+c=0=ax’=—c=>x’=—-= x==,/—-=,where
a

b
ax* +bx=0= x(ax+b)=0=>x=0o0rax+b=0= x =——soyou

=
c
3
(on
(1)
-
Q
=2
o
=
oQ
(1)
O
-
Q

a

If one or more of the coefficients in a quadratic equation is an
unknown constant, you can use the quadratic formula to find the

solutions in terms of that constant.

Example 5

Solve the quadratic equation px? + 3 = 3px + x, p = 0, by using the quadratic formula.

Express x in terms of the real parameter p.

@

px2+3=3px+x=>px*-3p+1)x+3=0

—a=p,b=—3p+1),c=3

(1) (Bp 1)) —axpx3

2xp

= X =

3p+1£49p7 +6p+1-12p
2p

C3p+1+y9p7 —6p+1

_ -
3p+1+4(3p-1)

_ »

3p+1+(3p—1 _
3 (3p ):X:3p+l+3p 1_6p_,
2p 2p 2p
3p+1-3p+1 2 1

2p 2p p

or x =

Rewrite the equation in the general
quadratic form.

Identify the coefficients.

Apply the quadratic formula.

Simplity.

Factorize the expression under the
square root.

Simplify again.

Write both solutions separately.
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

1 Solve the following equations by using the
quadratic formula. Give your answers in
the exact form.

a x2+9x+18=0 b
c x*—x—-1=0 d

e V22 +3=11x

x2—x—-30=0
2x2 —3x=2

2 Solve for x the following quadratic equations

by using the quadratic formula. Give your
answers in terms of the real parameter.

a x2+3x=ax+3a
c X2+ kx=2k?

b 2x2—-b=x-2bx
d p’x2+3px=px+3

Discriminant of a quadratic equation

Investigation 3

1 Use the quadratic formula to solve the following equatio
b 3x2-2x+5=0

d 4x2—-20x+25=0
f x2—5x+7=0

a x2—3x—10=0
c xX2—12x+36=0
e 6x2—13x+6=0

ns.

2 [EXXTEP How many real solutions can different quadratic equations

have?

3 By considering the quadratic formula x =

—b+~Db* —4ac

2a '

explain why quadratic equations have different numbers of solutions.

The expression b? — 4ac is called the discriminant of a quadratic.

4 Sketch graphs of y = f(x) for each equation given in question 1. On your

sketch, label any zeros of each function.

5 m What do you notice about the number of zeros of each graph,

and the number of solutions to the quadratic equation?

6 [MZAUEI) Whatdoes the graph of a quadratic equation
value of the discriminant?

I4 What can the discriminant be used for?

tell you about the

and is denoted by the Greek letter A, A= b? — 4ac.

Given a quadratic equation of the form ax?+ bx+c¢=0, a, b, c€ R, a#0,
the discriminant is the expression in the formula thatis under the square root

\

As you found in the investigation, the sign of the discriminant

determines the number of roots of the quadratic.
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term "function” was
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Leibniz in the 17th
century and the
notation was coined by
Swiss Leonard Eulerin
the 18th century.



3.1 it 1

Case1:A>0
—_h+p? —
If the discriminant is positive, then x = Rl U i and there are two
distinct real roots. 2
Case2:A=0
If the discriminant is equal to zero, then x = — . Thisis regarded as one
repeated real root. e
Case3:A<0

If the discriminant is less than zero, then v b> — 4ac is not real. In this case,
there is no real solution.
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Example 6
Without solving, determine the nature of the roots of each equation.
a 5x2+7x-1=0 b 25x2+49=70x c 2x2+£x+%:0
a 5x+7x—-1=0=a=5,b=7,c=-1 | Identify the coefficients.
A=72—-4x5%x(-1)=69>0 Calculate the discriminant.
There are two distinct real roots. Since the discriminant is greater than 0

There are no real roots.

there are two distinct real roots.

b 25x*+49=70x=25x"-70x+49=0 Write in the form ax? + bx + ¢ = 0.
—a=25b=-70,c=49 Identify the coefficients.
A= (=70)2 -4 x25x%x49 =4900 — 4900 =0 Calculate the discriminant.
There is one repeated real root. Since the discriminant is equal to 0
there is one repeated real root.
c 2x°+ Zx + % =0=>a=2,b= Z c= % Identify the coefficients.
2 Calculate the discriminant.
A7) g L4015
“la ) X ax 2 16 16 < Since the discriminant is less than 0

there are no real roots.

You might also be asked to determine the value of a real parameter so
that the equation has different types of roots.

Example 7

Find the value(s) of the real parameter p so that

a 2x?—3x+ p =0 has two real roots b px?+ p=13x has one real repeated root

c (p+2)x*+2px=1—p hasno real roots.

O

Continued on next page

157



a 22 -3x+p=0=>A=(-3)2-4%x2Xp

9
:>9—8p>0:>p<g

b px?+p=13x=>A=(-13)2-4XpXp
=169 — 4p2

:>169—4p2:O:p:i%
c (p+2)x*+2px=1-p
= A=(2p)?—4(p+2)(p-1)
=4p® —4p®> —4p+8
=8—4p
=>8—-4p<0=>p>2

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

Find the discriminant.

Set the discriminant to be greater than O
and solve the inequality.

Find the discriminant.

Set the discriminant to be equal to 0 and
solve the equation.

Find the discriminant.

Set the discriminant to be less than 0 and
solve the inequality.

Example 8

Find the values of r for which the equation x? + 37x + 1 = 0 has

a two distinct real roots
X+3rx+1=0=>A=(3r)2-4x1x1
= A=9r2-4

a Two distinct real roots:

4 2
A>O:>9r2—4>0:>r2>g:>|r\>§

2 2

=>r<——orr>-—

3 3

b One repeated real root:

4 2
A=o:>9r2—4=0:>r2=§:>r=_g

¢ No real roots:

4 2
A<O:>9r2—4<0:>r2<3:>|r‘<§

2 2
> -——< r<=
3 3

b one real repeated root

G)

¢ no real roots.

Find the discriminant and simplify it.

When A > 0 there are two distinct real roots.

Take the square root of both sides, \r* = Ir].

Solve the inequality.

When A = 0 there is one repeated real root.

Solve the equation.

When A < 0 there is no real root.

Take the square root of both sides, \/1’_2 = |r‘
Solve the inequality.

All of the inequalities can be solved by graphing on your calculator.
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3.1 it 1

1 Without solving these equations, determine 2 Find the values of the given parameter for
the nature of their roots. which the equation has

a x2+3x-7=0 b x2+x+2=0
¢ +2x+1=0 d 5x*+Bx+2=0
e 2x2=mx—1 f 2.25x24+49=21x

c

i two distinct real roots
ii one real repeated root

=
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o
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iii no real roots.
mx2+2x—5=0 b 4x?2=3x+4-t¢
(2s+ )x>=s(3x—1)

Solving quadratic inequalities

TOK

Apart from using a calculator and identifying the part of the parabola

that is above or below the x-axis (shown in Before you
two other methods for solving quadratic inequalities.

Method 1: Algebraic method

We have seen the
involvement of
several nationalities
in the development of

start), there are

In order to solve a quadratic inequality that will factorize, you need quadratics.

to first factorize the quadratic expression into linear factors and then
consider the sign of the product. You know that the product of two
factors is positive if both factors are of the same sign, and that the

product is negative if both factors are of different signs.

To what extent do you
believe that mathematics
is a product of human
social collaboration?

(A>OandB>0 [A>OandB<O
AxB>0=4or or AxB<O0={or

|LA<OandB<O |LA<OandB>O
Example 9

Solve the quadratic inequality 2x? — 5x — 3 > 0.

2x2 —=5x—-320=2>2x2—-6x+x—-320
= 2x(x—=3)+ (x—3)20= (x—3)(2x+ 1) >0
(X—BZOand 2x+1>0

—Jor
|Lx—3£0and 2x+1<0

1 '
> >_
x>3and x > > >3
—=or = {or
xSBande—l xﬁ—l
| 2 | 2

which can be written as an interval

1 |

‘e [—w,—EUU[B,oo)

The quadratic expression will factorize,
so split it into two linear factors.

Consider the signs of the product.

Find the range of values of x which
satisfy the inequality.
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Method 2: Using a “sign table”

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

If a quadratic expression will not factorize, then you cannot split it into
two linear terms to compare signs of factors.

If this is the case, it is best to find any zeros of the quadratic by solving
the corresponding quadratic equation, and then consider the signs of
the quadratic either side of the zeros.

This method will work whether or not the quadratic will factorize.

Example 10

Solve the quadratic inequality 2x2 — 5x — 3 > 0.

2x*—5x-3=0=x

_5%4/25+424 547

Solve the corresponding
quadratic equation, eg by

4 4 :
. using the formula.
X=30rx=——
2
1 1] 1 ,
X<_E X=—E —E<X< 31 x=3|x >3 || Order the zeros in the table
and investigate the sign of the
2x* —5x—3 + 0 - 0 + quadratic between the zeros.
1 ] . 5.
xe |-, —— U[3, oo) The coefficient of x* is
2] positive so the parabola is
concave up, so between the
zeros the expression has a
negative value.
Since the inequality is not
strict, you should include the
zeros in your solution.
=4
Solve the following quadratic inequalities by the 3 x2—13x-302>0
method of your choice and verify your solutions 4 42— 1lx+6<0
by a graphical method on a calculator.
1 2+6x+8<0 5 8<5x2—6x
2 xX2-8x+16>0 6 12x-42>9x°

Developing inquiry skills

Return to the opening problem.

Can you use a quadratic equation to model the roller coaster?
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3.2 (hkine B

3.2 Complexnumbers

Algebraic vs. geometric approach towards complex
numbers

Investigation 4

Consider the quadratic equation x% + 4 =0.

1 Canyoufind real values that are solutions of the equation? Explain why, or
why not.

Mathematicians define the imaginary numberi such thati?= —1, therefore

you can write i =+/—1.

2 Canyou use this fact to solve the quadratic equation, expressing your
answers in terms of i?

3 Use the quadratic formula to solve the equation x> — 2x+ 5 = 0. Give the
roots in terms of 1.

4 What does the imaginary number i represent and how is it
used in solving quadratics?

The letter i is used to represent the imaginary number +/—1.

Solutions of any equation x? + ¢= 0, ¢ > 0, can be written as
X =*+—c =+id, de R". We call these imaginary numbers.

By defining i? = -1, you have developed a whole new avenue of
algebra that you are going to use in this chapter.

Complex numbers are numbers of the form z=a +ib, where a, be R.
a is called the real part of z, and we write Re(z) =a.
bis called the imaginary part of z, and we write Im(z) = b.

Complex numbers can be written in different forms, as you will see
later in the book. The form z=a + ib is called the Cartesian form of a
complex number.

Complex numbers were first introduced when mathematicians were
trying to solve certain cubic equations. However, as you have seen
in the above investigation, complex numbers also allow you to find
solutions to any quadratic equation, regardless of the value of its
discriminant.

TOK

Descartes showed that
geometric problems could
be solved algebraically
and vice versa.
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What does this tell us
about mathematical
representation

and mathematical
knowledge?

p
HINT

Recall that

Vax b =~axlb

ab=0
\ =

International-

mindedness

Greek mathematician
Heron discussed the
root of a negative in the
first century BC.
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Did you know?

The first person to propose working with the square root of a negative
number was Heron of Alexandria (c.10—c.60) when discussing the volume
of an impossible frustum of a pyramid.

Later on, in Italy, mathematical tournaments became very popular and
solving difficult cubic equations became a way in which they found the
winner. Those mathematicians discovered the formula for solutions of cubic
equations and introduced complex numbers. Niccolo Fontana Tartaglia
(1499-1557] discovered the formula first and shared his knowledge with

Gerolamo Cardano (1501-1576).

Cardano introduced complex numbers of the form a ++/-b, ae R, be R".
They realized that those two parts cannot be combined and the second part

was called the imaginary or even impossible part.

René Descartes (1596—1650) was the first mathematician to establish the
term “imaginary part”, and John Wallis (1616—1703) made huge progress in

giving a geometrical interpretation to v/—1.

Leonhard Euler (1707-1783) was the mathematician who first introduced

the symbol i = v/—1 and called it an “imaginary unit”.

By looking at the complex number z = a + ib, you might notice that
every real number a can be seen as a complex number where the
imaginary part is 0, that is, » = 0. In a similar way, a complex number
that has real part equal to 0, ie a = 0, only has an imaginary part and is
called a purely imaginary number. The number O can be seen as both,

0=0+1x0.

In this way, you can view the real numbers as a subset of the complex
numbers, and hence you can expand the subset definition from

Chapter1: Nc Z c Q c R c C.

Example 11

State the real part and the imaginary part of the following complex numbers.

a 2+3i b 2i-5

c %—ﬁi

a z=2+3i=>Re(z)=2and Im(z) =3

b z=2i—-5= Re(z) =-5and Im(z) =2

c zzé—ﬁi: Re(z)=§ and Im(z)z—ﬁ

:—‘54*’“  Re(z) = Y11

d 2 V4 :T and Im(z)=

/1
4

\/ﬁ+7ri

4

The real part has no imaginary

unit and the imaginary part has an
imaginary unit.
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Geometric approach

Real numbers can be visualized on a number line. Each point on the
line represents one real number.

In a similar way, complex numbers can be represented in a two-
dimensional coordinate plane, where the horizontal axis represents the
real part of the number, and the vertical axis represents the imaginary
part of the number.

Each complex number z=x+1y, x, y € R, is represented by a Im
point P(x, y) in the plane and the coordinates are the real and
imaginary parts of the complex number itself.

Purely real numbers lie on the x-axis, and purely imaginary
numbers lie on the y-axis.
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Modulus or absolute value of a complex number

You already know that the modulus or absolute value of a real number
(x, x>0
i—x, x<0

represents the distance along the number line between x and the
origin. You can extend this idea into two dimensions in the complex
plane where the modulus of a complex number represents the distance
between the complex number and the origin.

is algebraically defined as ‘x‘ = . Geometrically, the modulus

Investigation 5

1 Plotthe points that represent the following complex numbers on a
complex plane. 3 +4i,1-2i,-5+4i,-2, 31,-2-3i

2 Whatis the distance between each point you plotted in question 1 and the
origin?

3 XU Can you write down a formula for finding the modulus, |z], of a
complex number z=x+1y?

4 [[ZYXTED What do you notice about the modulus of a complex number?

5 What does the modulus of a complex number tell you
about that number?

\
Given the complex numberz=x+1y, X,y € R, the modulus of zZis given by

2| = |x +iy| = x> +y° = J(Re(z))z +(Im(z))2 .

Notice that the modulus of a complex number is always a positive real
number, |z|eR™.

Did you know?

Jean-Robert Argand
(1768-1822] first
proposed the idea of
representing complex
numbers on a two-
dimensional coordinate
plane. Carl Friedrich
Gauss (1777-1855)
independently developed
and refined the plane
model and therefore

the plane of complex
numbers is known as
the Argand diagram or
Gaussian plane. Caspar
Wessel (1745-1818]
also developed a similar
approach using vectors.
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Example 12

Find the modulus of the following complex numbers.

i 201—-21
C —

a 5-12i b

4 29

Check your answers with a GDC.

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

@

a [|5- 12q_.J5 +(-12)" =169 =1
i

Checking:

20i-21 21Y (20Y
¢ |2 M 2| 4 [2=2
29 29 29

841

=1
841

| 5-12x i
‘1 1
_‘_XI

2 4

5

29

‘2OXi—21‘

13
0.559017

0.559017

Apply the formula for the modulus.

Apply the formula for the modulus.

Apply the formula for the modulus.

Make sure you know how to use a
calculator to find the modulus of a
complex number. You can use this to
check the results.

Operations with complex numbers

First you need to understand when two complex numbers are equal.

a=cand b=d.

Two complex numbers Z, =a+ biand Z,=c+ di,a, b, c, de R,areequalif
and only if their real parts are equal and their imaginary parts are equal,

~

Investigation

6

Use your calculator to complete the first row of this table. z, and z, are

complex numbers, and 72 and » are real constants.

Then add your own examples: for each blank row, define any two complex
numbers Z and Z, and any two real constants 7z and 72, and complete the

table.

164

=



3.2 (hkine B

Zl ZZ Z1+22m mle
7,=2+i 2,=3-2i 2

nxz

1’l’l><Zl+1’l><Z2
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Use the table you just completed to answer the following questions.
1 m How do you add two complex numbers?

2 [EXXTED How do you subtract two complex numbers?

3 Do we need two separate operations for adding and

subtracting complex numbers?

4 m How do you multiply (or divide) a complex number by a real

number?

5 How are algebraic operations with complex numbers
similar to algebraic operations with polynomials?

When adding complex numbers, or multiplying them by a constant,

use the following rules.

International-

mindedness

How do you use the

Az=MA(a+bi) = (ha) + (Ab)i,\,a,b € R

Zl+22=(a+bi) +(c+di)=(a+c) +(b+d)i,a,b,c,d eR

Babylonian method of
multiplication?

Try36 x14.

Itz =4 - 3i and z, = -2 + 5i, calculate the following and check your answers with a O

Example 13
calculator.
1 2
a z,-¢, b gzl+gzz

a z,-z,=(4-31) —(=2+5i])
=4+2)+(-3-5)i=6-8i

1 1 . :
b ~z,+27,= 5(4—31)+ =(-2+5i)
4 4
=——i—-—+2i= i+1
3 5 15
Checking:
4-3x i-(-2+5x i) 6-8 i
6 (@-3x )2 (-2+5x ) S+

Use the properties of complex
numbers.

Multiply both z, and z, by the given

constant, and then add.

Make sure you know how to use a
calculator to add and subtract complex
numbers and to multiply complex
numbers by a constant. You can use
this to check the results.
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1 Find the real and imaginary parts of the 3 Given the complex numbers z, =3 — 4i,
following complex numbers. z,=5+1and z; =-1 + 2i, calculate the
a z=-4i b z=5 following and check your answers with a
_ 12 calculator.
cC z=-24+7i d z=5 : b 2 3 4
- 13 a z,-z,+z z,+3z, -4z,
e z=
J5 1 2 1 4z, -5z, + 2z,
. C ——4+54,——4 d
2 Find the modulus of each of the complex 2 3 4 3

numbers in question 1.

Investigation /

Use your calculator and your algebra skills to fill in the following table. The first
line has been done for you.

2 %) o

(2+1)X (1 +3i)=

XZZ

7, =2+i Z,=1+3i 24+ 614312 =—1+7i
._21:1_21 _..22:3+i
z,=3+2i z,=4-5i
z,=a+bi z,=3+i
z,=3+2i z,=c+di
z,=a+bi z,=c+di

Bl Factual | Using words, express how the real part of z, X z, is related to
the real and imaginary parts of both z, and z,.

2 m Ina S|m|Iaerag, express how the imaginary partofz, X z, is
related to the real and imaginary parts of both z, and z,.

3 How would you compare multiplication of two complex
numbers to multiplication of two algebraic linear factors?

To summarize the findings from the investigation, we write the
following.

z, X z,=(a+Dbi)X(c+di)=(ac—bd) + (ad+bc)i, a,b,c,de R ]

Although the formula in the key point above gives you a general rule
for multiplying two complex numbers, in reality this rule does not
simplify the process of multiplication much. Therefore, when asked
to multiply two complex numbers, it is often simpler to use algebra to
find their product.
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Example 14

G)

Given the complex numbers z, =1 - 3i, z, =4 +1iand z, = -2 + 3i, find the following.

— 2
a z,Xz,-7, b 7, X2, X7, c Zl+222><23

Use technology to check your answer.
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a z,xz,—z,=(1-3i)(4+1)—(-2+3i)
=4+1-12i+3+2-31
= 9-14i

Expand the brackets and simplify the
expression.

First multiply the first two factors, then
multiply the product with the third
factor.

b z,xz,xz,=(1-31)(4+1i)(-2+3i)
=(7-11i)(-2+3i)
= —14+21i+22i+33

—19+43j Simplify the expression.

c 7% +2z,xz, =(1-31) +2(4+1i)(-2+3i)
=1-6i—9+2(-8+12i-2i-3)

Square z; and multiply z, by z..

Expand the expressions and simplify.

=—-8-61—22+ 201
=-30+141
Checking:
- O
-8 (1= sl Make sure you know how to use a
4+ —22 4+i calculator to multiply two complex
-2+3x | —z3 ~2+3x | numbers. You can use this to check the
71% 79-73 9-14x i results. For ease, store the values of
s 19+43x i z,, Z,and z, in the GDC memory and
then work with the variables.

71%+2x 72% 23 -30+14x i

Example 15

Find z € C that satisfies the equation zX (2 —i) =z+ 3 + 2i

Use technology to check your answer.

Let z=a + bi

([2a+b=a+3
j— f—
i—a+2b:b+2 1—a+b:2

= (a+ bi) X (2—1) =(a+bi) +3 +2i
= (2a+b) + (—a+2b)i=(a+3)+ (b+2)i

(a+b=3

imaginary parts are equal.

Rewrite z in Cartesian form and
substitute it into the equation.

Simplify both sides of the equation,
and collect real and imaginary parts.

If two complex numbers are equal then
both the real parts are equal and the

Continued on next page
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1 5. Simplify and solve the simultaneous
:(a,b)z(w,—j:z:—+51 equations.

Use your calculator to check the

Checking: solution.

true

(%+%x i)x[z_i]=%+—g~x i+3+2x i

Conjugate complex numbers

For any complex number z=a + bi, a, b € IR, there is a conjugate complex
number of the form z# =a — bi. Their real parts are equal, Re(z) =Re(z*),
and theirimaginary parts are opposite, Im(z) = —Im (z*).

Notice that when adding two conjugate complex numbers you get
twice the real part, thatis z+zx=a + bi+ a — bi = 2a.

Also, when subtracting two conjugate complex numbers you get twice
the imaginary part, multiplied by i, thatis z— z* =a + bi — (a — bi) = 2bi.

Investigation 8

Copy and complete the following table. The first row has been done for you.
Use a GDC to check your answers.

74 | || z* ZXz¥ |
z=—1+1 ‘Z‘zﬂl(—l)2+12 =v§ Zh=—=1—1 | zZXz¥x=2
"Z=3—4i | | - "
Z=—N5+21
_Z=a+bi

1 m What s the relationship between the product and the
modulus?

2 Why do a complex number and its conjugate have equal
moduli?

3 Verify that zand z* are mutually conjugate.
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Division of complex numbers

In Investigation 6 and Example 13, you saw how to divide a complex
number by a real number. The following example demonstrates how
the complex conjugate helps us to divide two complex numbers.

Example 16

: : . z
Given two complex numbers z =a+biand z,=c+di, a,b,c,de R,z,#0, find -,
ZZ

Z, _a+bi a+bi_ c—di

- = = X Multiply numerator and denominator
z, c+di c+di c—di by the complex conjugate of the
1 denominator.
=

_ac—adi+bci - bdi’

—— The denominator is then a real
¢ +d number, and you know how to divide
a complex number by a real number.

= ZZZC: s f + ff;;f i Simplify the numerator, and split into

real and imaginary parts.

N
: : 7, X,
Notice that, since z X z# =|z|?, we can write — = ——=.
= |Zz|
Example 17 O @
If Z, =2+ i, z,=2 —5i and z,=-1+ 2i, find the following:
2 —
a -3z, b 4 ¢ 273
<5 Z,X 2, R4
Check your answers with a calculator.
z 2+1  2+5i Multiply both numerator and
a Lo37=2T0 2T 314 2i) b .
z, > 9_5i 245i denominator by the conjugate of the
denominator.
44101+ 21-5 :
T T 1125 3-6l Expand and simplify.
—1+121+87—-174i _ .
= 29 Write the expression over a common
_ denominator, and simplify.
_ 86-162i

29 J o

Continued on next page
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A\ 2
b le _ (2 + 1)
z,xz, (2-5i)(-1+2i)
= 4+4i-1 Expand the numerator and multiply
—2+41+51+10 the factors in the denominator.
_3+4i
8 +9i .
(3 N 41) (8 B 91) You coqld multiply top and bottom by
= ‘ ‘2 the conjugate of the bottom. Here, we
8+ 91 -
Z, Z,XZ
have used — = ——=.
|z
_24-271+321+36 Multiply out both numerator and
64 +81 denominator.
_60+51 _12+i Simplify the answer.
145 29
¢ 24735 2(2+1)-3(2-5i) Expand the numerator and multiply
Z, %7, (2+1)(-1+2i) the factors in the denominator.
_4+21-6+151
—2+4i—-1-2
—2+171
- Simplify.
—4 + 31 Py
—2+17i)(-4-3i .7, 7,XZ,
_(217i)(4 ) sing & _ 2%
—4 + 3 Z, |z
_8+61-681+51 _ 59-62 Multiply the factors in the numerator
16 +9 25 and simplify the expression.
Checking: Use a calculator to check the results.
- For ease, store all three values in the
1 86 162 memory and then work with the
= o123 29 29 | variables.
712 12 1 .
72% 73 29 29
2x71-3x 72 59 _62 |
z1x z3 25 25
Example 18
Find z € C that satisfies the equation Z+2
1-i

Use your calculator to check the solution.
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z+2 z-31
1-1 2+1

= (z+2) X (2+1) =(z—31) X (1 —=1)
= 27+7Zi+4+2i=z—-7Zi-3i—-3
= 27-z+4+d4=-31-3-4-2i
= 7+ 27i=-7 — 5i

= z(1 +2i) =-7 - 5i

_ —7-5i
1+ 2i
(=7 -5i)(1-2i)
1+ 2i
_ —7-5i+14i-10
1+4
17491
5
Checking:
[TEIIF
~17+9x | 17 .9
—Z —_— =X |
5 5 5
z+2 _z-3x1i true
1-i 2+

Multiply both sides of the equation by
(1 —-1)(2 +1).

Multiply out.
Isolate the terms in z on one side of the equation.
Simplify.

Factorize.

Make z the subject.

.7, Z,XZ,
Using -+ = 1—2

2 ‘22‘2

Use your calculator to check the solution.

1 Given the complex numbers z, =1 +1,
z,=3—2iand z, =-2 + 3i, calculate the
following and check your answers with a
calculator.

zZ, Z
a zlxz2+223* b L _-=2
z, 5
Z.Z
c 212—32223 d n
ZZ
27 — 47,
e 1 *2
23 ZZ

2 Find the real and imaginary parts of the
following complex numbers.

a 1+ 21 b 1+ 21
1 1 1-1
1+21_1—2i
1-21 1+2i

3 Find the real numbers a and b that satisfy
the following:

a (1+3i)(a+bi)=5+5i
b a+ bi
1+ 2i

4 Find the complex number z that satisfies
the following equations.

a 2(z+1)=3i(z-1)

=3 +i

b z—2 =z—i
1-21 241
c (z+2)(2+1)=(z—1)(1 —1i)

Z+1+1  z-31+2
1—-41 2i+5
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5 Given the complex number z=a + bi, a, 8 Prove the following properties of conjugate
b € R, find the relationship between a and b complex numbers.
such that A\

a () =z
—1. . .
a -e R b is purely imaginary.
2+1i z* b (z,+z,)' =77+

6 Solve forze C. C (7, XZ)"=7"X7,]
a |4+z=1 —_—

b |7 —zx=i d (Z—lj =Z—1*
C Z2+zx=2 %2 %

? Prove the following properties of the e |7 =|z¥|
modulus of complex numbers.

z|_lz
a [z,xz,|=lz,|X]|z,)| b [+ =
.| 2]

c |z1 + zz| < |zl| + |zz|

Powers and roots of complex numbers

In order to raise a complex number to a power, you first need to TOK
investigate what happens when you raise the imaginary unit, i, to a
power. Could we everreach a

point where everything
important in a mathe-
matical sense is known?

Investigation 9

Fill in the following table by calculating the powers of 1.

n|o|1|2|3|4|5]|6]|7|8]9]

AR | | |

1 Describe a pattern that your table shows.

2 Find ageneral rule fori”,n e N,

3 Use yourgeneral rule to find i291°.

4 Does yourrule also apply for negative powers of i, thatis, whenn e Z77?
5 Can you generalize the powers of imaginary numbers?

Now you will use your general rule to raise any complex number to an integer
power.

6 Letz=a+ bi.InChapter 1 you learned the binomial expansion of (a+ b)”,
n € N. Use the binomial expansion, and your results about powers of i from
question 2, to find expressions for z2 and 2>.

? Use the same method to find (z*)* and (z*)%. What do you notice?
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The following example uses some higher powers of a complex

number. c
3
(on
L
Q
Example 19 O 2
Q
Given the complex number z= 2 + i, find each of these expressions. Check your )
answer with a calculator. g
)\ *
a 2 b (z ) c (25)
a 22=(2+i)° Use the binomial theorem for n = 3.
=27+ 3 X 22X+ 3 X2 %P2 +1 Use the powers of i. Simplify the
=8+ 12i—6—-i=2+11i expression.
b (Z* )5 =(2-i) Use the binomial theorem for n = 5.

= 2" +5% 2" (=i)+10x 2* (i)’

+10x 2° (—i)3 +5x 2(—1)4 + (—i)5 Use the powers of i. Simplify the
expression.
=32-801—80+40i+10-1=-38-411

*

¢ First calculate z2 and then (25) 2

22 =(2+1)° Use the binomial theorem for n = 5.

=2°+5x24+10x2%2+ 10 x2%3+5x2i*+1i> | Use the powers of i. Simplify the

=32+ 80i — 80 — 40i + 10 +i = —38 + 41i EXPTESsion.
= (25 ) = (—38 + 411)* =-38-41i Find the conjugate complex number.
Checking: Use a calculator to check the solutions.
-7
(2+)° 2+11x |
-:nnj({2+i)5) -38-41x |
(2-i)° 38411

You can find square roots of complex numbers algebraically by letting the
root be equal to a complex number a +1b. You then square this, and equate
real and imaginary parts.

You can use a similar technique for finding higher roots of complex numbers,
such as cube roots or fourth roots.

Example 20 will show you how to do this.
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Example 20
Evaluate 7 — 241i.

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

Letz=a+bi,abe R
z=~7-24i = (a+bi) =7-24i

= a? + 2abi — b*> =7 - 24i

-

z=4-31orz=-4+ 3i

144
(512—]922 a’ — 5 =7
— =2 a
2ab =-24 12
P
| a
4t —7a%—144=0 [(a2+9)(a2—16)=0
=3 12 =3 12
|\ b=—— [ —
| a | a
a’=16 a=14
= = 12
| a +4

Write z in Cartesian form.

Square both sides and expand the
product.

Equate real parts and imaginary parts.
Solve simultaneous equations by using

the method of substitution.

Factorize the expression. Since a is
real, we discard (a? + 9) = 0.

For two values of a find two values of b.

Find both solutions.

A calculator can also be used to evaluate this square root, but the

calculator will only give you one solution.

VT-24i 4-3i

You have to know that the second solution is the opposite number,

that is -4 + 3i.

As you saw in Example 20, finding square roots of complex numbers
requires algebraic skill in solving simultaneous equations of degree two

or higher.

1 Calculate
a 17417 +1i27 + %7
b il73 _ i272 + 1351 _ i766

c (3+1i77) x (1 —2i%3)

174

. . r
312018 _|_ 212019 HINT
4iZOZO _ 312021
Similar to Y-notation
2019 1010 .
Z ik Z (2k-1 fora sum thereis
P = a product notation
2019 1010 n
<k <2k . . . .
Hl le H1k=11><12><...><1”
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3.3 il 1

2 Calculate the following and 4 Show that
check your answers with a a |7|=ld" ne z+
calculator. b (z4)" = (%) 1 e 7+
a (3+2i)° . P
b (1—3i)* 5 Given that z=1 +1, find the

, , values of n € Z* such that
c (1-2i)*+ (1+2i)

d (1+i)°+(1-1i)°
3 Evaluate the following and

check your answers with a
calculator. a

a\ﬁ b +-i b

¢ J—21+20i d 1/%—%

a Zz"isreal

b z"is purely imaginary.
6 Show that
(1 -1)?"=(-2i)", ne N
(1— 1)1 = (1 - i) (=2i)",
ne N

3.3 Polynomial equations and
inequalities

Investigation 10
1 Drawthe graphsoff (x) =x",n € N,uptoatleastn=7.
2 How could you classify these graphs by their shapes?

3 How could you classify these graphs by their symmetrical
properties?

Polynomials are functions which map a real variable, often called x, to another
real number. We write f: R — R.

Polynomials are functions of the form f(x) = a x"+ an_lx”—l t..tax+a,,

where a €R,i=0, ..., n are called the coefficients. The highest power
(n) of the variable x is called the degree of the polynomial, and we write

deg(f) =n.

\

Alinear combination of two functions fand g is an expression of the form
a X f(x) +b X g(x), where a and b are some real numbers.

n
A linear combination of 7 functions is an expression of the form Zai x f (x),
where f.are functions and g€ R. =1
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In general, you can say that polynomials are linear combinations of the _
. 4 ?
power functions {1, x, x2, x3, x%, x>, ...}. Did you know*

There is still a lot of
discussion going on among
mathematicians regarding

By taking a linear combination of such powers, for example 3 X x> — 2 X
x>+ 8 xx—11x1, you obtain a polynomial f(x) = 3x> — 2x> + 8x — 11.

Polynomial functions are the functions that you have worked with the zero polynomial.

most frequently so far. Here are some examples of polynomials of Some consider thatthe

different degrees that you have learned about. zero polynomial is more
than just a special case

® Zero polynomial: 6(x) = 0. Its graph is a horizontal line along y =0

h ) of the constant function.
(the x-axis). The degree of the zero
® Constant polynomial: f(x) = ¢, ce R, ¢ # 0. Its graph is the horizontal polynomial is sometimes
line y =c. defined as —1 or even —co,
® The degree of a constant polynomial is 0.
yn - ~
3 - HINT
f(x) = 2 is a constant polynomial . .
2 — = Notice that the notation
L used for the zero
O(x) = 0 is the zero polynomial polynomial is 6(x) =0 so
I I 1 ] I I I I 1 L] : X . . .
5 4 3 2 19 1 92 3 14 5 j(hat you can dIStIngUI'Sh
-1- it from other polynomials.

The zero polynomial has
an important property,
being an additive identity
element for the set of
polynomials, that is

fix) +0(x) = 0(x) +f(x) =
Lf(x) for all polynomials f.

® Linear polynomial: f(x) = mx + ¢, m = 0, is also called a polynomial
of the first degree. The graph is a straight line. By changing the
parameters m and ¢ we change the steepness of the line and the
y-axis intercept, respectively.

"

g 5 4 o8

000 =-3xx2+2xx+4

® Quadratic function: f(x) = ax? + bx + ¢,a # 0, is a polynomial
of the second degree. Its graph is a parabola whose axis of
symmetry is a vertical line which passes through the vertex -2 -1
of the graph. By changing the parameters a, b and ¢, we
change

o the shape of the graph (wide or narrow)

o the concavity (open upwards or downwards)

o the position of the parabola relative to the coordinate
axes.
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® Cubic function: f(x) = ax®> + bx*> + cx + d,a = 0, is a polynomial of

the third degree. There are two shapes of cubic graphs. One shape c
looks like a “Flex” shape like those you met in Investigation 10. ?D-
The second shape is a combination of two U-shapes, one of which is "
concave up and the other is concave down. =
Q
°S
y A y A o
6 6 L

5 5 7

4 4 4 -

34 3

2 2

2

f2(x)=_—1-><x3+2><x2+%><x—2

T T » X r T

T
1 2 3 -4 -3
X)=xC-6xx2-12xx-6

T T T

I
A =3 F A

fun=%xﬁ-2x%+2xx+1

Investigation 11

In Chapter 2, you learned that a quadratic equation f(x) =ax?+ bx+c¢,a # 0,

. b b b\
has axis of symmetry x = ——and vertex | —, f| — | .
2a 2a 2a )

In this investigation, you will look at how the parameters of a cubic function
affect the graph of the function.

Consider the cubic function f(x) =ax> + bx? + cx+d,a # 0.

1 Using graphing software, investigate the effect of changing a. What can
you conclude about the effect that a has on the graph?

2 What effect does changing d have on the graph of the function?

3 Investigate the effect of changing the parameter b in the graph of

f(x) =x>+ bx?. How does the shape of the graph change as b changes? Do

all graphs of this nature have any common points?

4 Investigate the effect of changing the parameter cin the graph of
f(x) =x>+ cx. How does the shape of the graph change as ¢ changes?
Do all graphs of this nature have any common points?

5 How do the parameters in quadratic and cubic functions
affect their graphs?

=
[
w2
o o
Y
>

+4 x x|+ 3 xx-2

International-

mindedness

The Sulba Sutras in
ancient India and the
Bakhshali manuscript
contained an algebraic
formula for solving
quadratic equations.

HINT

With the help of graphing
technology, you might
want to investigate how
the parameters of a
fourth-order polynomial
affect the shape,
symmetry, vertices and
| intercepts of the graph.
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

One interesting feature of polynomials of the same degree with the
same leading coefficient is that even though locally they might look very
different you can find a larger window in which they look very similar.

y.i
0 -

5_
f2) =x+3 xx2+3 xx+2

f1(x) =x3+x2 - x -

1

y
50
40 -
f200)=x3+3xx2+3 xx+2
30
20 -

10 A

A

f1(x) =x3+x%-x- 1

They behave like a polynomial that has only the leading term, since other
terms for extremely large values of x are insignificant to the total value
and can be neglected. This is the so-called “end behaviour” property of

polynomials.

The factor and remainder theorems

In order to divide two polynomials you need to remind yourself how
to divide two numbers by using long division.

HINT

Polynomials are
continuous functions,
which means that
you can draw their
graphs without lifting
your pen from the
paper. Notice that

you always have

to proceed in one
direction (usually you
draw them from left
to right). Their graphs
are also smooth
therefore they have
no sharp points.

Example 21
Use all the steps in the long division of two numbers to divide 3x* + 4x> + 2x2 + 3x— 1 by
X2 +x—2.
3x? +x +7 Dividing 3x* by x? gives 3x2.
2+x=2 |3x* +x> 42x2 43x -1
3t 133 —6x2 Multiply x? + x — 2 by 3x? and subtract.
x> +8x2  +3x Dividing x> by x2 gives x.
x> +x2 —2x Multiply x2 + x — 2 by x and subtract.
7x? +5x -1 Dividing 7x2 by x2 gives 7.
2
X +7x  —14 Multiply x> + x — 2 by 7 and subtract.
—2x  +13 Stop when the degree of the remainder
You can write: is smaller than the degree of the
3+ 43+ 22 +3x— 1= (2 +x-2)3x>+x+7) divisor.
+ (—2x + 13)
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3.3 il 1

Theorem

For any two polynomials fand g, there are unique polynomials g and r such
that f(x) = g(x) x g(x) + r(x) forall real values of x.

The polynomial g is called the quotient and the polynomial  is called the
remainder. Notice that deg(g) > deg(r).

=
c
3
(on
(1)
-
Q
=2
o
=
oQ
(1)
O
-
Q

1 Use long division to divide polynomial f by 2 Use long division to find the quotient and

polynomial g. remainder when polynomial fis divided by
a flx)=2x>+5x>-1lx+4andg(x)=x+4 polynomial g.
b f(x) =3x°+ x4+ 6x° + 52 + 6 and a f(x)=3x-6x>+x—1landg(x)=x-1
g(x)=x>+2 b f(x)=2x*-3x>+4x*>+x-5 and
C f(X)=x—-X+2x*+X>-5x2+2x—-6 gx) =x*+x+2
and g(x) = x> —x+3 c fix)=x+x*+landg(x)=x>+1
N

Polynomial remainder theorem

Given a polynomial f(x) =a x"+a_ X"+ .. + a2x2 tax+a,ace R,
i=1,2,..,na =0, andareal number p, then the remainder when f(x)
Is divided by a linear expression (x — p) is f(p).

Proof:

In the unique decomposition of the polynomial f(x) = (x — p) X g(x) + 1,

where the remainder r is a constant (one degree less than the divisor),

we input x =p = f(p)=(p—p)q(p)+r = f(p)=T.

Factor theorem
i — —1 2
Apolynomial f(x) =a x"+a x""+..+ax*+ax+a, ack,

k=0,1,2,..,na #0, hasafactor (x—p), pe R, ifand onlyif f(p) = 0.

The factor theorem is a direct consequence of the remainder theorem
and the proof is left as an exercise for you.

Mathematician William George Horner (1786—1837) formalized an
algorithm that simplifies the process of finding the value of a polynomial
at a given value of x.

If you want to find the value of f(x) = 3x> — 2x> — 5x— 1 when x = 2,

select the coefficients of all terms, including missing terms, and organize

them in tabular form.

Did you know?

The polynomial
remainder theorem is
also known as “Little
Bézout’s theorem”

as it was proposed

by Etienne Bézout
(1730-1837). Bézout
was inspired by the
work of Euler and
decided to become

a mathematician. In
1763 he was appointed
examiner of the Gardes
de la Marine (French
Naval Academy)

with a special task to
compose a textbook for
teaching mathematics
to the students.
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EEEE | AN
+ + + f():((3XX—2)X(X—5))XX—1
6 8 6 f()=((3><2 2)2-5)x2-1
2x ;fﬂ4fﬂ3;ﬂ5 =((6-2)x2-5)x2-1
122 5><2—1
o o
=61
=5

\

Horner’s algorithm finds the quotient and remainder when a

polynomial f(x

) is divided by a linear polynomial g(x). This algorithm is

also known as synthetic division. Notice that synthetic division only
works when you divide a polynomial by a linear polynomial.

Since synthetic division tells us the quotient when fis divided by
a linear factor g, it is an effective and quick method to use when

searching for factors of f.

Example 22

Use synthetic division to find the remainder when dividing:

a f(x)=3x"+11x>-7x-19by g(x)=x+2,

b f(x)=

4x’ —=3x+8by g(x)=x-5.

a x+2=x—(-2)=>r=f(-2)

3| |12] |-7| [-19

J 6 -10 34

- f’/’ ,/f f/'/,—'

/3/517 h
r=f(-2)=15
b x-5=r=f(5)

(4] [o0] |-3] |8

20 100 485

ol I B
r=f(5)=493

Use the remainder theorem.

Use synthetic division to find the
remainder.

Use the remainder theorem.

Use synthetic division to find the
remainder.
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3.3 Na Bl

m What do you notice about the quotient polynomial g(x) and the result
you obtained from synthetic division in the example above? Can you use the
remainder theorem to explain why this is the case?

=
c
3
(on
(1)
-
QO
=2
o
=
oQ
(1)
O
-
Q

Example 23

The polynomial f(x) = 2x> + x> — 15x — 18 is given.

a Use synthetic division to show that (x — 3) and (x + 2) are factors of the polynomial.
b Hence fully factorize the polynomial.

a 9 1 | [-15] [-18 Use synthetic division twice: first to
divide 2x3 + x> — 15x — 18 by (x — 3), and
+ + + then to divide the quotient by (x + 2).
6 21 18
3x y A A
o - -
K 2/ 7 6 0
// + +
// -4 -6
: A
-2x% r g 7
2" 37 | o]

Since the remainder is zero in each case, (x —3) | Use the factor theorem.
and (x + 2) are factors of the polynomial.

b 2x3+x2—-15x—-18

= (x—3)(x+2)(2x + 3) In the synthetic division table, you can

see the last factor is the second quotient.

1 1In each case, use synthetic division to find 2 The polynomial 2x* — x> — 32x%2 + 31x + 60 is
the quotient and the remainder when given.
polynomial fis divided by g. a Show that (x+ 1) and (x — 3) are factors
a f(x)=x>+2x*-3x+1and g(x)=x—-2 of the polynomial.
b fix)=2x*+3x>-10x—-2and g(x) =x+3 b Hence fully factorize the polynomial.
c flx)=2x*-6x>-9x>+7x—11 and
g(x) =x— 4

d f(x)=3x+20x*+10x> - 13x2+7x—3
and g(x) =x+ 6
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Corollary
. . _ _1 2
Givenapolynomial f(x) =a x"+a_ X" +..+ax*+ax+a,a R,
k=1,2,..n, a # 0, and real numbers a and b, a # 0, then the remainder when
b ™

f(x) is divided by a linear expression (ax—>b) is f [— :
a,

The proof is left to you as an exercise.

In order to use synthetic division when dividing by a linear expression
(ax — b) we need to modify the algorithm.

f(x) =(ax—Db) X q(x) +r
= f(x)= a(x—éjx q(x)+r
a

= f(x)= (X—éjX(ax q(x))+r

a

So, when applying Horner’s algorithm, notice that all the coefficients
in the quotient will have a common factor of 4.

Example 24

Use synthetic division to find the quotient and remainder when dividing

fix)y=6x>—7x>—15x+ 1 by g(x) =3x+ 1.

HINT

Use the same
technique we
used to prove
the remainder
theorem.

1
gx)=3x+1= B(X_(_ED

AR EARETIREY

+ + +

1 2 3 4
3 B S S

97 127 | s |

So the quotient is g(x) = 2x> — 3x — 4 and the
remainder is r(x) = 5.

6x> —7x2—15x+1=(2x2-3x—-4)3x+ 1) +5

Rewrite the divisor so that you can use
the remainder theorem.

Use Horner’s algorithm.

Divide the coefficients of the remainder
in the table by 3.
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Example 25 g
When polynomial f(x) = x> + 3x2 — ax — 5 is divided by (x + 2) the remainder is 3. o
Find the value of a. N
- }

o

X+2=r=f-2) Use the remainder theorem. o
D

T T3 3 s Use synthetic division to find the S

remainder in terms of 4.

. / / _./
e i -~
/ 1 1 -a-2 2a-1
2a—-1=3=a=2 Equate the remainder you obtained in

the table with 3, and solve for a.

Example 26 @

Find the remainder when polynomial f(x) = 3x2°19 4+ 5x1019 — 7x + 4 is divided
by x* — 1.

f(x)= (Xz _ l)x g(x)+ax+b Write the unique decomposition of
(%) the polynomial and notice that the
remainder is a linear polynomial.

x=1=f(1)=3x12019+5x11019 -7 x1+4=5 | Calculate the value of the polynomial

x=—1 = f(1) = 3% (—1)2919 4 5 % (=1)1019 = 7 x (1) at the zeros of the divisor.

+4=3

( f(1)= (l2 - l)x g(1)+axl+b=5 Use the unique decomposition of the
, polynomial and form simultaneous

(D) =((-1) = 1)xa(-1)+ax(-1)+b =3 equations.

[a+b=5 (b=4 Solve the simultaneous equations and

1_ a+b=3 = 1 a=1 write the remainder.

Therefore the remainder is
r(x) =x+ 4.
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In each case, use synthetic division to find

the quotient and the remainder when

polynomial fis divided by g.

a f(x)=4x>—-5x2+13x—2andg(x) =4x—-1

b fix)=6x>+11x>+5x+4and g(x) =2x+ 3

c flx) =2x*+ 3x>— 6x2+4x+ 3 and
gx)=2x-1

d f(x)=3x>-5x*+x>—-2x?+ 8x+ 2 and
gx)=3x+1

When the polynomial fis divided by

the polynomial g(x) = 2x> — 3x+ 1 you
obtain the quotient g(x) = x*> + 2 and

the remainder r(x) = x — 3. Find the
polynomial f.

fix) =6x>+ 17x* = 20x> — 35x% + 44x + a is
divisible by (x + 2). Find the value of 4.

flx) = 2x* + 5x> — 4x? + bx + 1 is divisible by
(2x + 1). Find the value of b.

flx) =x*+ 5x> + 5x% + ax + b is divisible by

(x—1) and (x+ 2). Find the values of a and b.

6 flx)=6xX"+13x*—30x>—45x> +ax+b

is divisible by (2x — 1) and when divided
by (x — 1) the remainder is —40. Find the
values of a and b.

When polynomial fis divided by (x + 2) the
remainder is 4, and when divided by (x — 5)
the remainder is —3. Find the remainder when
polynomial fis divided by (x* — 3x — 10).

Find the remainder when

flx) = x2019 4+ x2018 ¢+ + x + 1 is divided by
(x+1).

9 Show that the polynomial f(x) = (x + 2)?"+

(x + 3)" — 1 is divisible by (x? + 5x + 6) for all
ne 4.+

10 Given a polynomial f(x) =a x"+a__ X" + ...

2 _
+tax’+ax+a,ae R k=12, .. n
a # 0, and real numbers a and b, a # 0, show

that the remainder when f(x) is divided by

ke

the linear expression (ax — b) is f (— :
a,

Developing inquiry skills

Return to the opening problem.

Can you use a polynomial to model the roller coaster?

3.4 The fundamental theorem of algebra

Investigation 12

1 Factorize the following numbers into prime factors. 30,504, 1155, 35200

2 Fully factorize the following polynomials.

X2+ 10x+25,x3—2x2—15x, x> = 3x24+3x—1,x*—5x2+4.

3 What are the similarities and differences between factorizing
a number into prime factors, and factorizing a polynomial expression?
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3.4 (dtina 1

The fundamental theorem of algebra is one of the most important
theorems in mathematics. It is an algebraic version of the fundamental
theorem of arithmetic (which states that every number is either prime
or is the product of a unique combination of prime factors.)

The fundamental theorem of algebra refers to the existence of complex
zeros of a polynomial.

The fundamental theorem of algebra (FTA)
Apolynomial f(x)=a x"+a, x" "' +..+ax’+ax+a, a, # 0,withreal

or complex coefficients has at least one zero. There is an @ € C such that

f(w)=0.

Gauss proved this theorem, but the proof goes beyond the level of this
textbook.

There are a lot of theorems, lemmas and corollaries that are derived
from the fundamental theorem of algebra that can help with algebraic
manipulation of equations and polynomial functions.

Lemma
Each polynomial f(x)=a x"+a _x"'+..+a,x*+ax+a,a,#0,
with real coefficients can be written in a factor form,

f(x)=a,(x—o)(x-0,)...(x —o,),suchthatw, € C,k=1,..., n.

Example 27

Express the polynomial f(x) = x* — 6x> — 19x2 + 24x as a product of linear factors, and O

check your answer by using your calculator.

=
c
3
(on
(1)
-
Q
=2
o
=
oQ
(1)
O
-
Q

= x(x> — 6x> — 19x + 24)

flx) =x*— 6x> — 1952 + 24x Use the lemma to factorize the polynomial.
All the terms have the common factor x, so
you can factorize this first.

1 6| [c19] [22 Notice that the sum of the coefficients
of the remaining cubic expression is 0,
oo therefore apply synthetic division for
1 5 24 x =1 to factorize it further. (x— 1) is a
b X A factor since the remainder is 0.

2 — w2 . . .. .
X" =5x—-24=x"-8x+3x—-24 Factorlz.e the remalplng quadratlc
-5x expression by splitting the middle term.

>

Continued on next page
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=x(x—8)+3(x—8) =(x—8)(x+ 3)
f(xX) =x(x = 1)(x+ 3)(x = 8)

Checking:

pnlannts(x4—6x X3 -19x x? +24x x, x]
§_3v O; 1! 8}

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

Use all the factors in the factor form.

Make sure you know how to use your
calculator to check the zeros.

Notice that a calculator gives zeros and you need to use the FTA to

write the polynomial in the factor form.

If a certain factor appears more than once we say that the factor has
multiplicity. So if we have a polynomial f of nth degree with less than
n different zeros, then the sum of their multiplicities will add up to 7.

f(x)=a,

—

Example 28

k
x—o) (x—0,)" . (x-0)" k<n Y p, =n

—1 is a zero of the polynomial f(x) = 2x> + 7x* + 3x> — 13x? — 17x — 6 with multiplicity 3.

Express f(x) as the product of linear factors.
Check your answers by using a calculator.

2 7||3||-13 17 |—6|
2 5 2 11 6
¥ Y x"/ f'/ // //)r f/'—
//2 5° 27 A1 6 0
vd
///
g
4%
/// + + + +
Py 2 3 5 6
O //’ . /"
2" 37 5 6 0
/;/
a5
// + +
// -2 -1 6
_]_x ,“//f // /'/L
/2 17 6" |0
//
vd
v
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Successively apply synthetic division
with respect to the multiplicity of the
given zero, in this case three times.




3.4 4k B

2x*+x—-6=2x>-3x+4x-6

X

=x(2x—3) + 2(2x = 3) = (2x = 3) (x + 2)
fix)=(x+1)32x—3)(x+ 2)
Checking:

polyRoots (Ex X0 +7x x* +3x x3 -13x x% -1 7x x-*

{-2, =1, =, 1}
2

Factorize the remaining quadratic
expression by splitting the middle

term.

Use all the factors in the factor form.

Use your calculator to check the zeros.

Notice that the last zero is in fraction
form, so you need to multiply it by 2 to
obtain the linear factor:

| 2(}(—%)2(2)(—3)

=
c
3
(on
(1)
-
Q
=2
o
=
oQ
(1)
O
-
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Investigation 13

1 Use the remaindertheorem and synthetic division to show that the

complex number zis a zero of the polynomial f.

a
b
c
d
e

z=1, flx)=2x>—3x>+2x—-3
z=—4, flx)=2x>—x*+32x—16

z==2+43i, flx)=3x3+10x>+31x— 26
z=14i, flx)=x*+x3—2x>+2x+4
z=—1+3i, f(x) = x5 + x4+ 9x3 — 9x2 + 8x— 10

2 Usethe remainder theorem and synthetic division to find the values of the
polynomial fat z* for all the complex numbers given in question 1.

3 If zis a zero of a polynomial f; what can you say about the
complex conjugate z*?

= m By considering the fundamental theorem of algebra and your
answer to question 3, what can you say about the zeros of an odd-degree
polynomial?

Your findings from Investigation 13 can be summarized by the
following theorem.

Conjugate root theorem
Given a polynomial

_ n n—1 2 _
fx)=ax"+a, x" +..+ax +ax+a, a,e€ Rk=12..,na,6#0,

that has a complex zero z, then its conjugate Z' is also a zero of the
polynomial f.

Did you know?

Due to the imperfection
of the calculator’s
algorithm when finding
zeros, you obtain app-
roximations of the
multiple zeros, without
their multiplicity. This
will occur even more
times when complex
Zeros occur.

TOK

Aliens might not be

able to speak an Earth
language but would

they still describe the
equation of a straight line
in similar terms?

Is mathematics a formal
language?
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Example 29

Given that 1 + 3i is a complex zero of the polynomial f(x) = x> — 5x2 + 16x — 30, find all O

the other zeros of f.

Check your answers using a calculator.

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

Method 1
x,=1+3i=x,=1-3iisazerootf

(x— (1 + 3i)) (x — (1 — 3i))

=x>—x-3ix—-x+3ix+12+32=x2-2x+10

X -3
x2—2x+10 | x> —5x2 1l6x -30
—x>  =2x2 +10x
0 —3x2 6x -30
—3x2  +6x =30

X—3=0=>x=3

Method 2

1‘[-5i 16 ‘-30\

+ + +

1+3i -13-9i 30

aedp| y 7 7 7

e g Pl
1  -4+3i 3-09 0‘

ETCILY
::\

(1-3i

w
X
N
N

f) = (x— (1 +31))(x — (1 = 31))(x = 3)
X—3=0=>x=3

Checking:

l::Pt:ni1.|rH-::u::r1:s‘.-,(x3 -5x x2 +16x x-30, x)
(1-3x i, 1+3x i, 3}

Use the conjugate zero theorem.

Expand and find the quadratic factor.

Use long division to find the remaining
factor.

Fully factorize the polynomial and find
the remaining zero.

Use synthetic division for complex
numbers twice.

Fully factorize the polynomial and find
the remaining zero.

Make sure that you know how to use
your calculator to check your answers.
Notice that you need to use complex
roots of polynomials.
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Example 30

The polynomial f(x) = x* — x> + 2x? + ax — 24, ae R, is given.

a Find the value of a given that 2i is a complex zero of f.

b Hence find all the remaining zeros of f, and check your answers using a calculator.

2 ‘ 1 2 a 24
+ + + +
_ 4i 2i-8 -12i+4 (8+2a)i+24
x2i ;/” /’ / /’
e = =

. . ol :
2 -1+4i -6-2i (4+a)-12i (8 + 2a)i

7

N N NN

f2i) = (8 +2a)i=0=a=-4

X, =21=x,=-2iisarootof f

2 -1+4i} 6 - 2i ‘—12i
+ + +
y i 21 12
X[ -
(-2i) ;/1 f/r ,,/
/ 27 a7 87| o

gx)=2x>-x-6=0= (2x+3)(x—-2)=0

:>2x+3=00rx—2=0:>x=—§0rx=2

Checking:

(:Put:th.rqults.(EM X-x3 +2x x2-4x x—24,x]
-3 . .
—, 2%, 2% 2
{2 bt }

Apply synthetic division for
the complex number 2i.

Use the remainder theorem:.
Use the conjugate zero
theorem:.

Use a =—4 and apply synthetic
division a second time.

Identify the quotient and find
1ts zeros.

Use your calculator to check
your answers.
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

1 Find a polynomial of the smallest degree with 5 In each case, fis a polynomial with complex
integer coefficients whose zeros are zero z. Find the remaining zeros.

a 0,2and7 b -3,-2,1and?3 a flo)=22-222+4z-8, z=2i
b flz)=222-1322+32z-13, z=3-2i

1 3

c f(z)=32"+47"-4z+7, 2:5—71

c —1,—1, 2 and 5.
2

2 Find a polynomial of the smallest degree with

integer coefficients whose zeros include d fl5) =2 -28+62-2z+5, z=—i
a /2 and 2 b —1,%andi/§ e f(o)=*+52+1122+ 132+ 10,
z=-2 -1
¢ 1-+3and 32
3 Factorize the following polynomials and f flz)=32"+227+192" +12z +6,
check your answers using a calculator. 1 2.
= —— 4 —
a f(x)=x>—-3x2+4x-2 ¢ 3 3 !

_ 2.3 42
b flx) =3x" —x"+2x+6 6 Given that zis a zero of the polynomial f,

c flx)=2x*-5x+11x* = 3x -5 find the missing coefficients. Hence find
4 1In each case, kis a zero with multiplicity » all the remaining zeros of fand check your
of the polynomial f. answers using a calculator.
Factorize ffully and check your answers using a z=2,fx)=x>+ax*+x—-2,ae R
a calculator. b z=-5, f(x)=2x3+10x2+ ax+ 15, a€ R
a k=-2,n=2,f(x)=3x>+7x>-8x-20
X c z=+/51 f(x)=x" —2x" +ax’ + bx + 85,
b kzg,nz2,f(x):9x3+24x2—44x+16 abe R
c k=1,n=2fix)=x*-2x>-3x2+8x—4 d z=1-2i filx) =3x*—7x3+ 18x> + ax + b,

1 a be R
d k:—E,n:if(x):8x4+20x3+18x2+7x+1

e k=1,n=4, flx) =5x> — 13x* + 2x> + 22x?
—23x+7

Sum and product of polynomial roots

Just as you have already shown for quadratic polynomials, Francois
Viete developed formulas that connect the zeros and the coefficients of

International-

a polynomial. Viete was the first to investigate this connection but he mindedness
did it ju.st for positive real zeros, whilst Albert Girard was the first to Frangois Vigte (1540
extend it to complex zeros. 1603) was a French
amateur mathematician
Investigation 14 and astronomer, whilst
Albert Girard was a
1 Use your calculator to find the zeros of the following polynomials. French mathematician

fl(x) =x>+x2—4x—4, fz(x) =x3—6x2+11x—6, and musician.

— 3 A2 _ .3 2 _
f3(x)—x 4x 7x+10,f4(x)—x +27x4+71x—1155. Q
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02 Find the sums and the products of all the zeros for each polynomial in
question 1.

3 [ZYEUE How do the sum and product of the zeros you found in
question 2 relate to the coefficients of each polynomial?

4 Use your calculator to find the zeros of the following polynomials.
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f(x) =2x° = 11x*+ 17x— 6, f (x) =3x° — 16x* + 3x+ 10,
£,(x) =15+ 19x% — 4, f (x) = 14x> + 291x* + 1402x — 1 155.

5 Findthe sums and the products of all the zeros for each polynomial in
question 4.

6 How do the sum and product of the zeros of a cubic relate
to their coefficients?

Your results from Investigation 14 form part of the following key point.

\
Given a cubic equation ax’ + bx* +cx+d = 0,a,b,c,de R, a # 0, with
X, +X,+ X, =——
a
X,, X, and x, as solutions, then 3 X; X X, + X, X X; + X, X x; = 4
d
X, X X, X X, =——
| a
Example 31
The roots of a cubic equation 3x> + 5x* + 2x — 4 =0 are x|, x, and x,.
Without solving the equation, find
1 1 1
a x +tx,+x;, b xXx,xx, ¢ + +
Xlxz X1x3 X2x3
a=3,b=5¢c=2d=-4 Identify the coefficients of the cubic
polynomial.
5
a x, t+tx,+x,=—= Use the theorem for the sum.

Use the theorem for the product.

©

Continued on next page
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5
1 1 1 X, +Xx,+x, 3 5 . .
c + + =2 = 43 =—= Rewrite the expression in terms of the
XXy XX XX XXX il 4 sum and product and then use the
3

results from the previous parts.

Make sure you know how to use a
calculator to check your results.

Use the complex roots finder to obtain
all the possible zeros. Use the features
for sum and product to find the results.

Notice that the results obtained in
decimal form are the same as the
results in fraction form to a certain
degree of accuracy.

Investigation 15

1 Use your calculator to find the zeros of the following polynomials.

f00) =x*+x° = 7x* = x+6,f, (x) =x* + 4x° = 39x2 — 86x + 280,

f,(x) =6x*+7x° — 13x* —4x+4,f, (x) =35x*+381x° — 73x* —309x+ 1 10,
f(0) =4x* =4+ 65x° — 64x+ 16, f (x) =6x* — 11 + 11 7x*+397x— 145.

2 Find the sums and the products of all the zeros for each polynomial in
question 1.

3 How do the sum and product of the zeros of a fourth-degree
polynomial relate to its coefficients?

Given a polynomial f(x)=a x" +a, x""' +...+a,x* +a,x +a,with

real or complex coefficients (an # O) and zeros x,, x,, ..., x, of f, then

al’l
X+ X, + X+ X, =—

and X X,X,... X :(—1)"a—°

n

The proof comes as a direct consequence of the factor theorem, as
you saw when proving the equivalent result for a cubic polynomial.
Since every polynomial can be written in the form f(x) = a (x—x)

(X —x,)...(x —x ), by expanding this expression we obtain the given
formulas.
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Example 32

Find the sum and the product of the zeros of the following
polynomials.

a flx)=x*+x>-2x>+3x-2
b flx) =2x>—5x*+ 1553 —511x2 — 4x + 8

C flx) = —5x2019 4 71457 — 4x250 — 15547 + 2]
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a n=4a,=1,a,=1,a,=-2 Use the formulas for sum
. and product from the key
a .
X, +x,+x,+x, =——=>=--=-1 | point.
a, 1
14y _ 72 Notice that for th
X, XXX, = (_1) O == ) otice that for those
a, 1 formulas you need to use

only the three coefficients.

5 4 0
> a, -5 5
Zxk = e T —— T —
P ds 2 2
> a 8
x, =(-1) 2=-==-4
k=1 615 2
¢c n=2019,4a,,,,=-5 4d,,,3=0, Use your calculator to
check the results.
a,= 21
R 7 0 Notice that sometimes,
Z Xk = ——— = — — = O
— Ayyro 5 due to the accuracy of
the calculator’s algorithm,
2019 210 d, 21 21 the results are not .exact
H Xp = (_1) T (the complex part is

almost 0).

In this example the
calculator cannot even
find the zeros due to the
high order, so it is helpful
to have an algebraic
technique to find their
sum and product.
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=X =

Find the sum and product of the zeros of these
polynomials.

a f(xX)=x*-3x>+2x*-5x+4
b flx) =2x—6x>+ 11x*+ 13x3 — 5x

5
c f(x)= 23x17—ﬁx9+ 13 x x4—%x—46

d f(x) =3x2020 — 4x2019 4 175573 + 115x — 8

The cubic equation 4x> — 2x* + x — 7 = 10 has roots x, x, and x,.
Without solving the equation, find
a x +x,+x,
b x, Xx,Xx,
¢ 10x, +10x,+ 10x,

3 3 3

+ +

X XX, X XXy X,X X,

Check your results using a calculator.

The roots of the quartic equation
6x*+2x° - 11x2+13x—-3=0
are x!', x2, x> and x*. Without solving the equation, find

a X1 +X2+X3+X4
b X XX, X XXX,

c 3x1 + 3x2 + 3x3 + 3x4

d 6 6 6 6
- + +
XIXXZXX3 Xlxxzx X4 X1XX3X X4 X2X’XSX x4

Check your results using a calculator.
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3.5 Solving equations and inequalities

Since you have already extensively covered solving quadratic equations
in Section 3.1, in this section you are mainly going to be focused on
solving polynomial equations of degree 3 or higher.

Historically, a group of Italian mathematicians, dal Ferro, Tartaglia,
and Cardano (13th-14th century), developed a formula for solving a
general cubic equation.

That formula is very complicated and very difficult to use, so you
are going to be studying rational solutions that can be found by
alternative, simpler methods.

The most common method that you are going to use for solving
polynomial equations is factorization. In order to be able to factorize
the polynomial you are going to use theorems that are valid for
polynomials of all degrees.

Before you start on factorization you are going to look at how many
real zeros you may expect for a given polynomial.

Solving polynomial equations

In this section you are going to solve polynomial equations by using
algebraic methods and then use a calculator to verify the solutions.

Example 33

Solve the equation x> —7x + 6 = 0 by using algebra.

Did you know?
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Babylonians were able
to solve some cases
of cubic equations
(2000-1600 BC).
They had tables with
perfect squares and
perfect cubes and their
sums. By using those
tables, they were
solving equations of
the form ax’ + bx = c.

X —7x+6=x"—x—-6X+6
H_J%r_/ . .
in pairs.

=x(x2— 1)—6(x—1):x(x—1)(x+1)—6(x—1)

(x—l)(x(x+1)—6)

(x—l)(x2 +x—6) =(x-1)(x—-2)(x+3)

= (x-1)(x=-2)(x+3)=0

Split the linear term so that you can factorize
Factorize the difference of two squares

and then factorize the expression.

Factorize the quadratic factor by inspection.

Use zero product theorem.

Make sure you know how to check the
result by finding the zeros of the polyno-
mial using a calculator.
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On a calculator you can also use the graphical method for finding zeros
of the polynomial.

Apart from quadratics, you haven’t drawn many graphs of higher-order
polynomials. You are going to graph more polynomials once calculus is

introduced.
1 Solve the following equations. Give all the 3 The equation 2x’ +ax’ + bx +9 = 0 has one
real solutions, and check your answers repeated root equal to 3.

using a calculator. a Find the values of a and b.

a X +x°—4x—-4=0

b x*+2x*-9x—-18=0

b Find the remaining root.

4 f(x)=x’+ax’+bx+c,a,b,ce R

Two zeros of this polynomial are opposite
d x*+x°-3x>-x+2=0 numbers.

2 The equation >+ x>+ax—4 =0 has one a Show that ab =c.
root equal to —2. b Find the third zero.

c X =3x"+3x-2=0

a Find the value of a.

b Find the remaining two roots.

Solving polynomial inequalities

When solving polynomial inequalities by an algebraic method,

you need to fully factorize the polynomial and then investigate

the signs of the factors on the whole set of real numbers by con-
structing a sign table. You should identify for which values of x the
polynomial is either positive or negative, and use this to solve the
inequality.

When solving polynomial inequalities by a graphical method, use a
calculator to graph the polynomial and again identify for which values
of x the polynomial is either positive or negative, and use this to solve
the inequality.
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Example 34

Use an algebraic method to solve the inequality x’ +4x” +x—6 >0 and check your O

answer using a calculator.

Factorization:
X +4Ax*+x—-6=x"+4x*+4x-3x-6

=x(x* +4x+4)-3(x+2) =x(x+2) -3(x+2)

xe |3, - U4, o

= (x+2)(x(x+2)-3) = (x+2)(x* +2x -3)
=(x+2)(x-1)(x8 )
X i ]_001_2[ ||_3]i ]_37_2[ “ e ” ]_211[ |1 1 ]l ]1100[ |
X+3 I 0 + + + +
.-—""""'FH
..--"""'F.‘-F.
..--""'"-F."'
.--"""".-F'r
.--"""""‘H
.--"""-FF.’.‘
’.‘_______...--"‘
X+2 - - - 0 * +
_'_._.___...-""'
.--""'"F.Hr
..--"""'F.‘H
.--""'"'F.'.J
..--"""'"r'r
.--"""-FFH“
.--""f _ B _ B B 0
x=1 FF._F_____._..--"F" e L ¥ ¥ ¥
s
.--""'"""F
.--""""FF."‘
"._._______..--"
_.--"""'"r'r
.--""""F.‘-H
X+ b +x-6 : 0 e 0 . 0
'._.______,_.--‘
..--"'""'_F.'.
.--"'"'-."F.J
_.--"""'Frr.-'
.--"'""f
.--""'".'.-F
,--'""'r'r

Factorize the expression by
splitting the linear term.
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Use the distributive property
to factorize the expression.

Factorize the remaining
quadratic factor.

Construct the sign table
and investigate the sign.

Identify the intervals
where the sign is positive.

Draw the graph of the
polynomial and find all the
zeros. Identify the values
of x for which the graph is
above the x-axis.

Notice that when the inequality is not strict, you need to include the

boundaries in the solution.
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Example 35 O
Given the polynomials f(x)=3x"+2x*-3 and g(x)=x"—x*+3x -1, find all the
values of x such that f(x)> g(x) by using a graphical method on a calculator.
Method 1 Graph both polynomials and find the points
Y u of intersection.

'1(-0.5, -2.88)

g(x)':x?"—x2 +3x-1

Identify the intervals on the x-axis where
the graph of fis above the graph of g.

xe[-2,-05]uU

Method 2
333 422 —-3>x3 —x2+3x—1 Rewrite the inequality as one polynomial
23 +3x2 —3x—2>0 and find its zeros. Then find the intervals
N where the polynomial is above or on the
X-axis.
xe [-2,-0.5]U[1, oo
' ™

HINT

In the case of Method 1 you may have needed to consider changing the
scale on your GDC to find all the points of intersection between the graphs
that might not be visible in the original window. Also, it can be difficult to
read from the graph which function is the upper one and which the lower
one. This is even more difficult on calculators with lower resolution.

Method 2 is more suitable because you don’t need to find the points of
intersection but only find zeros, which are always on the x-axis. This saves

4 time as you don't need to change scales in the window, etc.
>

Sometimes polynomial equations or inequalities can be easily broken to simpler
polynomials that you can sketch and find the solution by inspection.
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Example 36

Use a simple polynomial graph to solve the inequality x> —x* -4 <0.

x3—x2—4£035j£x2+4

{

xe Rx<2

Rewrite the inequality by using two simple
polynomials.

Or

Simply enter the original inequality into the
GDC.

Graph those two simple polynomials and find
by inspection the point of intersection.

Identify the interval where the graph of fis
below the graph of g.

Notice that an equivalent inequality x° —4 < x* would also be an
example of simple polynomials to graph and find the solution.

Algebraic methods for solving polynomials are restricted to the third
degree in this course. A GDC may be used to solve polynomial

equations and inequalities of a higher degree.

Example 37

Use a GDC to solve the inequality 4x* < 2x” +1.

2x" +4x*=1<0

T

f1(x) = 42x"+4x*-1

- 2-4(0.504,0)
(1.1,0)

14

—0.496 < x<0.504 orx>1.10

Rewrite the inequality as one polynomial.

Graph the polynomial and find the zeros. Identify
which part of the graph is below the x-axis.
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Notice that the equivalent inequality 2x” —4x* +1 > 0 gives the same

result.

1 Solve the following inequalities in the set of 2
real numbers by the method of your choice.

a X +x’—-4x—-4<0

b x’+2x*-9x-18>0

c X -3x"+3x-2<0 3
d 4 +8x*+x-3 0

e 3x +4x°+7x+2>0

f 12x° —16x*-8lx—-35<0 4
g x'+x -3x>-x+2 0

h 2x*—x’+x>—x-1<0

Given the polynomials
f(x)=3x"+5x>—6x—-9 and

g(x)=x"+2x* —4x -4, find all the values of
x such that f(x)< g(x).

Use simple polynomial graphs to find the
solutions of the following inequalities.

a X+x+2>0 b —2xX’+x*+1>0
c x*+x*=2<0

Use a calculator to solve the following
inequalities.

a X —4x +2x+1>0
b x" +4<3x®+5x

c XU +2x"M+5x% >4x% -1

3.6 Solving systems of linear

equations

Systems of two linear equations with two unknowns

Up to this point in your studies, you have only been asked to solve
systems of linear equations (such as a pair of simultaneous equations)
where there is a unique solution: a single pair of real numbers x and y that

satisfy both equations.

In this section, you will learn about the possible types of solutions that

can occur when solving systems of linear equations.

Investigation 16

1 Without using a calculator, solve the following simultaneous equations.

3 L4x+3y:18 b £2x—5y:4
|7x-4y=13 |—6x+15y =3

c

10x-4y=3

= 3
| —2x+=—y=-2
Sy 5

|

2 Foreach set of equations a—c, sketch both lines on the same axes. Where
possible, show on your sketch the solution to the pair of equations.

3 [EETED Whatare the different types of solution to a system of two linear

equations with two unknowns?

4 Explain the geometrical significance of each type.
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geometrical interpretation.

lines intersect at one point.

parallel and distinct.

equations, the lines coincide.

When solving systems of two linear equations with two unknowns there are
three possible types of solutions that can occur. Each type has a different

1 When there is a unique pair of numbers that satisfy both equations, the

2 When there are no real numbers that satisfy both equations, the lines are

3 When there are infinitely many pairs of real numbers that satisfy both

~

All the results of solving systems of linear equations can be
checked on a calculator. Make sure you know how to do
this using your GDC.

G)

HINT

In type 3, infinitely many pairs of real numbers (x, y) satisfy this system

where y can be any real value, whilst x is a value dependent on y. Instead
of expressing y in terms of x as usual, a calculator may provide an answer
where x is expressed in terms of y.

Example 38

Find the value of a real parameter m such that the system

Q 4x—-y=1
|L3x+my=2

has no solution.

{ - [ - Apply the method
) dx—1=y dx-1=y of substitution by
|L3x+m(4x—l):2 |L(3+4m)x= 2+m | expressing y as
the subject in the

e 2+m first equation, and
3 +44m substituting it in the
second equation.
3
3+4m:0:>m:—z The system has no

solution when
3+4m =0, since
then you would be
dividing by zero.

TOK

If we can find solutions
in higher dimensions
can we reason that
these spaces exist
beyond our sense of
perception?
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The system of equations in Example 38 can either have no solutions

TOK

: 3 : : :
(in the case where m = _Z)' or a unique solution (in the case where

How accurate is a visual
3 c
m#——). representation of a
4 mathematical concept?

It is not possible for this particular system to have infinitely many
solutions since the coetficients of the variable x and the constant

coefficients are not proportional, ie = # l
3 2

Example 39 |
Consider the system of equations 4 2X (p - l)y =1

|L px+3y =2

a Find the values of the real parameter p such that the system has a unique solution.

b Find the unique solution in terms of p.

[2x+ —1l)y=1lxp,p=0
y (p )y ‘ prr Use the method of elimination; multiply

|L px+3y=2|x2 the first equation by p and the second

by 2.
_ L 2px+p(p-1)y=p = (pz —p- 6)y — p—4 | Subtract the two equations to
|L 2px+ 6y =4 eliminate x.
=>p-p-620=(p-3)(p+2)#0 In order to have a unique solution the
coefficient next to y must not be equal

p=3andp = -2 0.

-4
b (p2 —p- 6)y =p-4=y= 2,17 p Use the elimination in part a to
P =P express y in terms of p.
—3(p-4
px=-3y+2=px = # + 2 Substitute your value of y into the
p-—p-6 second equation.

3p+12+2p> -2p—12
p'—p—6

= px = Solve to find x in terms of p.

2p* =5 2p—5
= x=—2F P o x=-2F

p(r*-p-6) ~ P -p-6

(x,y)= 22‘0_5 ) 2p—4 P #E-23
p-—p—6 p —p—-6

Notice that the case when p = 0 is covered by the unique solution

(Xry){i 2

6 3,
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1 In each case, find the value of the real
parameter m such that the system of
equations has no solution.

gmx+6y=—2 " &(m—l)x+2y =-1

| 7x+3y=5 | Bx+my=11

2 In each case, find the values of the real
parameter p such that the system of
equations has infinitely many solutions.
Find the solutions.

E6x+py:8
|L3x+y:4
b L px—y=p

|L(p—4)x+(p—l)y=—2

=
5
3 1In each case, find the values of the real o
parameter s such that the system of §
equations has a unique solution. Hence find Bz2
the solution in terms of s. 0%
D
[Zx—syzl [ (s+2)x+y=s 5
a b 1
[3x—y=2 |L(5—25)x+sy:4

4 The system

{a X+ y)+bx—y)=1
\ e ,a,be R,a,b+#0
|La(x—y)+ b(x+y)=1

Is given.

a Find the solution (x, y) in terms of a and b.

b State and explain whether it is possible
for the system to have no solution.

Now let’s take two linear equations in a general form and use the

method of elimination to find a general solution.

Example 40

Find the general formula for a unique solution of L ax+by = € ab,c,d=0.

|ex+dy=f

{ax+by:e:>[adx+bdy:ed1_
|ch+dy=f |Lbcx+bdy:ﬂyj

= adx — bex = ed — fb

= x(ad — bc) = ed — fb

Multiply the first equation by 4 and the
second equation by b to obtain equal
coefficients of the variable y.

Subtract the equations to eliminate the
variable y.

Use distribution to make x the subject.

Substitute x in one of the equations,
eg the first equation.

o

Continued on next page
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— by = e(ad — bc)— a(ed — fb)
ad — bc
_ead —ebc —aed + afb
ad — bc
_afb—ebc
ad — bc
=y = Mx 1 Make y the subject.
ad—bc b
af —ec
= y= -
Y ad — bc
= (x,y ) = (ed Ly , af — e j ad—bc#0 State the condition that the denominator
ad —bc ad —bc cannot be equal to 0, which is required for
the system to have a unique solution.

In Example 40 you could have first eliminated x instead of y, which
would have given the same end result.

Did you know?

Gabriel Cramer (1704—1752) has developed this formula within his work on

determinants. The form is called a determinant. It is a numerical value such

c

b
that é =ad — bc.
d

C

All the expressions in the values of x and y in Example 40 can be written as
determinants in the following way.

a b e b a e
c d f d c f

Hence, to calculate the values of x and y we need to calculate those three

— =D

Y

- ’ - x’

. D
determinants and then we use the formulas x = DX , Y= Ey— D # 0.

Using determinants to calculate unique solutions works very efficiently
when the coefficients of the simultaneous linear equations are
complex numbers.
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Example 41

Use the formula from Example 40 to solve these simultaneous equations with complex

coetficients.

[5x4 21y = 547
|L (1-i)x—y=i

Check your answers using a calculator.

a=3,b=2i,c=1—-i,d=-1,e=5+7i f=i
3X(—1) = 2ix(1 —i)=-3-2i—-2=-5-2i

(5+71)X(=1) =21X1=-5-71+2==-3-71
3Xi— (5+71)X(1 —=1)=31-5+51-71—-7=-12 -1

Identify the coefficients.

Using your result from Example 40,
the denominator is ad — bc.

The numerator for x is ed — fb.

The numerator for y is af — ec.

3.6 Widtia 1
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_ _ . . . . . . d _
X = = X 5+21: o-6l+31+14 =1+i x == ﬂ?.DiVide complex numbers
—5-21 —5+2i 29 ad — bc
by multiplying top and bottom by the
conjugate of the denominator.
-124+41 5421 60-24i-5i-2 : af —ec
y= e - = =2-1 y=
-5-2i —-5+2i 29 ad — bc

A GDC can also be used to confirm the result.

Solve the following simultaneous equations [

1+41)x+31y=2+4i
and check your answers with a GDC. 2 ( ) J

|L(3—Si)x+(5+4i)y:21—27i
[ 3x+(1+1i)y=4+5i

' m4_gx_@_oy=7

Systems of three linear equations with three unknowns

When you are presented with a system of three equations with three
unknowns, you have to reduce them to a system of two equations
with two unknowns, which you know how to solve. In this section,
you will focus on solving systems algebraically, either by substitution
or elimination.
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Example 42

EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

2X+y—7=5

Solve the simultaneous equations 3§ x —2y —3z = 0 by
5x—y+2z=1

a the method of substitution

b the method of elimination.

{ 2(2y+32)+y-z=5

a x=2y+37=
|L5(2y+32)—y+22=1

:j 5y+57="5 :E y+z=1

|L9y+172 =1 |L9y+17z =1

y=1-z=>9(1-2)+17z=1=82z=-8

=>7=-1=2>y=2=x=1

= x v, 2 =(1,2 -1)

b ]
2x+y—z=5—|+
SX—y+2Z=1J }:Q Tx+7=6

4x+2y—22=10—|_Jr [5x-52 =10
X—Zy—BZ:OJ J

]
7X+7=6

=3 +=>8x=8=>x=1
x—z:2J

!

=>7+7z=6=>z7=-1
=>2+y—(-1)=5=>y=2
= x v,2=(1, 2, -1)

You can again use a calculator to check
your solution.

Isolate one of the variables from one of the

equations and substitute it in the remaining
two equations. Here we find x in the second
equation. Try to target the simplest possible
expression.

You can apply the method of substitution
again, by expressing y in terms of z, or vice
versa.

Find z and then the values of y and x
respectively.

Add equations 1 and 3.
Add 2 x equation 1 to equation 2.

This eliminates y to give two equations in
two unknowns.

When eliminating a variable you must
eliminate the same variable, and you must
use a combination of all three equations in the
process.

Add the two equations to eliminate z. Find
the value of x.

Use this x to find z, and then use x and z to
find y.
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3.6 Widtia 1

Notice that once you obtain the system of two equations with two
unknowns, you don’t have to apply the same method again to solve
this system. If you used elimination to find a system of two equations
with two unknowns, you could then use substitution to solve them, or
vice versa.

When solving equations you can notice that you are just operating on
the variables’ coefficients and the free coefficients (independent of the
variables). Instead of always rewriting everything with the variables
you can just organize the coefficients in rows and calculate the
elementary operations to obtain the result.

=
c
3
(on
(1)
-
Q
=2
o
=
oQ
(1)
O
-
Q

{ 2 1 -1 5 ( 1 -2 -3 0 Swap the first two rows to simplify the
i1-2 -3 002 1 -1 5 calculations.

|L 5 -1 2 1 |L5 -1 2 1

{ 1-2-30 [ 1 -2-30 Multiply the first row by 2 and subtract it
={0 5 5 5=4{0 1 1 1 from the second row.

|L 0 9 17 1 |LO 9 17 1 Multiply the first row by 5 and subtract it

from the third row.
[1—2—3 0 [1—2—3 0

=40 1 1 1=J0 1 1 1
oo s8-8 lo o 1-1

Divide the second row by 5 to simplify the
calculations.

Multiply the second row by 9 and subtract it

{X—Zy—32=0 {X—Zy—Szzo from the third row.

=1 y+ (_1) =1 =1 y=2 Divide the third row by 8 to simplify the
|L N |L s =1 calculations.

Now rewrite the coefficients into the equa-

{ XxX—-2x2-3 —1) =0 [ x=1 tions and find the solutions from the third
= y=2 1 y=2 equation up.
|L z=-1 |Lz =—1

This method is called row reduction or the Gaussian method and it is
generally used for matrices.

Investigation 1/

1 Use your calculator to solve the following systems of simultaneous

equations.
{2x+y—2:5 [3x+y—22=4
a {x-2y-3z=0 bi{5x—y+z=-3
|L5x—y+2z=l |L6x+2y—4z=5

&

Continued on next page
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EXPANDING THE NUMBER SYSTEM: COMPLEX NUMBERS

Q { x—2y+3z=4 ( Tx+2y+z=3
c { 2x—4y+6z=38 d { llx—-10y+2z=1
| =3x+6y-9z=-12 | 23x +18y 432 = -3
[X+y—22=—12 (6x+1%wdﬂz=4
e {3x—-3y+2z=22 f {8x+2y—11z=15
|L7x—2y—2223 |L—2x—5y+7z=17

2 How can you classify the types of solutions to systems of
three linear equations with three unknowns?

3 m What is the difference between the sets of infinitely many
solutions to the equations in parts c and e?

4 [EXXTEP Whatis the relationship between the coefficients of the three
equations in part ¢?

_'\
When solving systems of three simultaneous linear equations with three

unknowns there are again three possible types of solution that can
occur.

1 There is a unique triplet of numbers that satisfy all three equations.
2 Thereis no triplet of real numbers that satisfy all the equations.

3 There are infinitely many triplets of real numbers that satisfy all the
equations.

Example 43 Xy mz =2 @
Discuss all possible types of solution of the system 3 2x +y —z =3 with respect to the

| X+y—2z=5
real parameter .
X—y+mz=2 Eliminate the variable y by adding the
I2x+y—z=3=42x+ (m-2)z=7 first and third equations and subtracting

| | _ the second and third equations.
| x+y-2z=5 Il x+z=-2

-

7 Eliminate x by multiplying the second
- 2x + (m — 2)2 = 7‘ N (m _ 4)2 11 equation by 2 and subtracting it from
Ix+27 =-4 | the first equation.

&
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L 11 ! If a real solution exists, you need to divide
Cm—4 by the expression (m — 4) which cannot be
equal to 0.
11 —2m-3
> X=-2- =

Find x in terms of m1.

= y=5- —2m—3j+2 11 \_7m+5 Find y in terms of m.
m—4 m—4 m—4

When m # 4 there is a unique solution

:(x,y,z):(

m=4=0xz=11 = 0=11, which is false.

—2m-3 7m+5 11 j;n¢4
m-4 "m-4"m-4) When m = 4 from the equation you obtain
a false statement, therefore the system has

no solution.

When m = 4 the system has no solution.

3.6 Widtia 1
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Determining the equation of a polynomial from a system

of linear equations

Suppose you are told the coordinates of two points which lie on the
graph of the linear function f(x) = ax + b. You can use these points
to formulate two equations in two unknowns, a and b. By solving
this system of equations, you can determine the equation of the
function.

In a similar way, when you know three points through which the graph
of a quadratic function f(x) = ax? + bx + ¢ passes, you can formulate three
equations in three unknowns a, b and c. Solving this system of equations
gives the equation of the quadratic.

Example 44

Find the equation of the quadratic function f(x) = ax? + bx + ¢ that passes through the O

points (-1, 10), (2, =2) and (4, 0).

(-1,10): a(—l)z +b(-1)+c=10 | Input the coordinates of each point on

the parabola into the equation.
=a-b+c=10 (1)

(2,-2):ax 2’ +bx2+c=-2
= 4a+2b+c=-2 (2)

(4,0):a><42+b><4+6=0
= 16a+4b+c=0 (3)

€

Continued on next page
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2)—(1) [3a+3b=-12 (a+b=-4 Eliminate variable ¢ by subtracting the
= = . .

(3)— (1) 11 5145b=—10 1301 th=—2 first eguatlon from the second and third
equations.

2a=2=a=1=>1+b=-4=b=-5 Subtract the first equation from the second
to eliminate b.

1+54+¢c=10=>c=4 Find a, b and c.

= flx)=x2-5x+4 Write the equation of the function using

your values of a, b and c.

i
HINT
You can use your GDC in two different ways to solve this type of problem.

e You can formulate the three linear equations and use your GDC to solve
them.

e You can use the statistical feature for finding the regression equation of
a quadratic curve which passes through three specified points.

I =

1 Find the value(s) of the real parameter m so 3 Find the values of the real parameter

that the system has no unique solution. 2X+y+z=m
2x+y—-z=4 { x+my+z=1 m so that the system 4 x+my+z=m+1
a {x—y+mz=2 b {3x+y+mz=-2 | x+y+mz=-3
|L3X+2y—2=1 |L X+2y+z=73 has a unique solution.

2 Find the value(s) of the real parameter 4 Find the equation of a quadratic function
k so that the system has infinitely many f(x) = ax? + bx + c that passes through the
solutions. Find the solutions. points

[ 2x+3y—-z=1 a (-3,1), (-2,-5)and (1,4)
a {kx+9y-3z=3 b (=1, 1), (1, -9) and (2, 8)

|L3x+7y+52=2

{ X+ky+z=0
b {4x+6y+(k+2)z=-6
|L 2xX+3y+2z7=-3

Developing your toolkit
Now do the Modelling and investigation activity on page 216.
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® The quadratic formula

[

Chapter summary =/

For a quadratic equation in the form ax?+ bx+¢=0,a, b, c€ R, a # 0, the solutions or roots are
o —b++b* —4ac
2a -

Given a quadratic equation of the form ax?+bx+c=0,a, b, c€ R, a #0, the discriminant is the
expression in the formula that is under the square root and is denoted by Greek letter A, A =b? —4ac.

o Casel:A>0
—b+Ab* —4dac

If the discriminant is positive, then x = 5 and there are two distinct real roots.
a

=
c
3
(on
D
-
Q
=2
o
=
oQ
D
O
-
Q

o Case2:A=0

o : -b _ . .
If the discriminant is equal to zero, then x = o This is regarded as one repeated root.
a

o Case3:A<0
If the discriminant is less than zero, then /6> — 4ac is not real. In this case, there is no real solution.

Complex numbers are numbers of the form z=a +ib, where a, b € R.
ais called the real part of z, and we write Re(z) =a.
bis called the imaginary part of z, and we write Im(z) = b.

The set of complex numbers is denoted by C.
Given the complex number z=x+1iy, x,y € IR, the modulus of zis given by

2| =|x+1iy| = m = \/(Re(z))2 +(Im(z))2 :

Two complex numbers z,=a+ bi and Z,=c+ di,a,b,c,de R, are equal if and only if their real
parts are equal and their imaginary parts are equal,a=cand b =d.

Addition and multiplication by a scalar:

z,+z,=(a+bi) +(c+di)=(a+c) +(b+d)i, a,bcdeR
Az=MA(a+bi) = (ha) + (Ab)i, A,a,be R

Multiplication of complex numbers:

z,Xz,=(a+bi)X(c+di) = (ac—bd) + (ad+bec)i, a,b,c;de R

For any complex number z=a+ bi, a, b € IR, there is a conjugate complex number of the form
z¥=a—bi. Their real parts are equal, Re(z) =Re(Z"), and their imaginary parts are opposite,
Im(z) =—Im(Z¥).

Division of complex numbers:

Z _nxg
T2
< z
i | 2| 1, n=4k
i,n=4k+1
Powers of i: i" =4 , ke
—1,n=4k+2
| —i, n =4k +3

£

Continued on next page
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Polynomials are functions which map a real variable, often called x, to another real number. We

write f R — R.

Polynomials are functions of the form f(x) =a x"+a X" +..+a x+a ,wherea € R,

1
i=0, ..., n are called the coefficients. The highest power () of the variable x is called the degree of

the polynomial, and we write

deg(f) =n.

A linear combination of two functions fand g is an expression of the form a X f(x) + b X g(x),
where a and b are real numbers.

n
A linear combination of 7 functions is an expression of the form Zai x f,(x), where f; are functions
i=1

and a.e R.

1 — 1 n—1 2 — m m—1
Two polynomials f(x) =a x"+a  x""+..+ax*tax+a,a #0,andg(x)=b x"+b X"+

1 1

ot b2x2 + b1x+ bo, bm # 0, are said to be equal if and only if:

o they have the same degree, 7 =m
o allthe corresponding coefficients are equal: a.=b.forall i=0,

1, ..., n.
For any two polynomials f and g there are unique polynomials g and r such that f(x) = g(x) X q(x) +r(x)
for all real values of x.
The polynomial g is called the quotient and the polynomial r is called the remainder. Notice that
deg(g) >deg(r).

Polynomial remainder theorem
i i = n n—1 2 =
Given a polynomial fix) =a x"+a_ xX"'+..+ax*+ax+a,a.€ R,i=0,1, 2, ..., n, a #0,and

a real number p, then the remainder when f(x) is divided by the linear expression (x—p) is f(p).
Factor theorem

: _ n-1 2 _
Apolynomial f(x) =a x"+a _ x"'+..+ax*+ax+a,a € R, k=0,1,2,..,n, a #0,hasa

1
factor (x—p), p € Rifand onlyif f(p) = 0.

o Corollary

: : — N n—1 2 _
Given a polynomial f(x) =a X'ta, X" +..taxtaxta,a € R k=1, 2,..,n, a # 0, and

1
real numbers a and b, a # 0, then the remainder when f{(x) is divided by the linear expression

b
(ax—b) is f(ﬁ +

a

The fundamental theorem of algebra (FTA)

Apolynomial f(x) =a x"+ a_ X! +..+ax*+a x+a_,a_ #0,withreal or complex coefficients
n = 2 1 0 "'n

1
has at least one zero. There is an @€ C such that f(w) =0.
Lemma

Each polynomial f(x) =a x"+ a _ x"' +..+ax*+ax+a,a #0,withreal coefficients can be

1
written in a factor form fix) =a_(x—®,)(x— ®,)...(x— @ ) suchthat o, € C, k=1, .., n.

©
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e Conjugate root theorem =
3
- - — N n-1 2 — o
Given a polynomial f{(x) =a x ta, X7 t..tax‘tax+t dy, da, € R, k=1, 2,..,n, a, # 0, o
that has a complex zero z, then its conjugate z is also a zero of the polynomial f. 3
o
QO
- — W n—1 2 ' i —
® [fapolynomial f(x) =ax'ta, X" +.+axtaxta, with real or complex coefficients (a_# 0) o§_
_ k an—k . et o
has zeros x , x,, ..., X, then > (xz.1 X, X ) =(-1) = 1 < k < n; specifically, for the sum
I<i) <1, <..<iy<n n
and the product,
X+ X, + X, 4+ x, =——2
! E
n ao
Lxlxzx3 X, =(-1) =

® When solving systems of two linear equations with two unknowns there are three possible types
of solutions that can occur. Each type has a different geometrical interpretation.

o When there is a unique pair of numbers that satisfy both equations, the lines intersect at one

point.

o When there are no real numbers that satisfy both equations, the lines are parallel and
distinct.

o When there are infinitely many pairs of real numbers that satisfy both equations, the lines
coincide.

e When solving systems of three simultaneous linear equations with three unknowns there are
again three possible types of solutions that can occur.

o There is a unique triplet of numbers that satisfy all three equations.

o There is no triplet of real numbers that satisfy all the equations.

o There are infinitely many triplets of real numbers that satisfy all the equations.
® Finding polynomials by points

When you know three points through which a quadratic function f(x) = ax? + bx + c passes, you can
formulate three equations in three unknowns a4, b and c. Solving these gives the equation of the
quadratic.

Developing inquiry skills

Return to the opening problem. Your city council has asked you to prepare
a plan of a roller coaster for a new amusement park.

How would you go about this task using what you have learned in this
chapter?
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